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Abstract

This thesis links mathematical learning theory with stochastic calculus in order to employ deep
neural networks for efficiently solving a class of high-dimensional partial differential equations
on a given domain. The connection between certain linear parabolic partial differential equa-
tions, so-called Kolmogorov equations, and stochastic differential equations via the Feynman-
Kac formula is exploited and reformulated into an equivalent minimization problem. By way
of sampling a temporal discretization of the stochastic differential equation this leads to an
empirical Learning Problem for a neural network and a new way of Multilevel Learning is pro-
posed for better performance. The latter approach is motivated by Multilevel Monte Carlo
simulations and the given examples reveal encouraging success. The proposed algorithm is
based on mathematical theory of numerical stochastic analysis, statistical learning and neural
networks, which is presented and proven in a broad context. This general framework allows
for further applications and extensions and seeks to be an important step in overcoming the
curse of dimensionality, when solving high-dimensional problems involving stochastic or partial

differential equations.



Zusammenfassung

Die vorliegende Arbeit vereinigt die mathematische Theorie des maschinellen Lernens mit
stochastischer Analysis, um unter Verwendung von tiefen neuronalen Netzwerken eine Klas-
se an hochdimensionalen partiellen Differentialgleichungen auf einem gegebenen Gebiet zu
16sen. Mittels der Feynman-Kac Formel wird eine Verbindung zwischen bestimmten linea-
ren, parabolischen partiellen Differentialgleichungen, sogenannten Kolmogorov Gleichungen,
und stochastischen Differentialgleichungen hergestellt und in ein dquivalentes Minimierungs-
problem {iberfiihrt. Nach einer temporalen Diskretisierung der stochastischen Differentialglei-
chung kénnen Stichproben fiir ein empirisches Lernproblem simuliert werden, wobei mehrere
Lernprobleme auf Basis verschiedener Diskretisierungsstufen kombiniert werden. Diese Idee ent-
stammt sogenannten Multilevel Monte Carlo Simulationen und die numerischen Beispiele sind
sehr erfolgsversprechend. Der Algorithmus stiitzt sich auf Resultate aus numerischer stochasti-
scher Analysis, statistischer Lerntheorie und Theorie neuronaler Netzwerke, welche in grofiem
Umfang présentiert und bewiesen werden. Damit schafft die Arbeit den Rahmen fiir weitere
Anwendungen und Forschungsarbeiten und stellt einen wichtigen Teil zur Uberwindung des

Fluchs der Dimensionalitéit bei der Losung hochdimensionaler Probleme dar.
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Chapter 1

Introduction

In many applications, especially in financial engineering, one is interested in the expected
value of an output I [¢(S5)] which depends on the terminal state of a solution to a stochastic
differential equation of the generic form

t t
Sf—x—i—/ M(Sf)ds+/ o(SH)dBs, 0<t<T. (1.1)
0 0

Using a temporal discretization of the stochastic differential equation and simple Monte Carlo
methods this problem can be numerically solved and is well-studied in the literature (cf. Glasser-
man [32], Graham [34], Kloeden [53] and Hutzenthaler [44]). Furthermore by performing Multi-
level Monte Carlo simulations, that is combining results with different discretization precisions,
one can significantly reduce the computational cost (cf. Giles [29] & [30], Heinrich [40] and
Cliffe [20]). Based on this method one can develop efficient algorithms to evaluate solutions of
Kolmogorov equations, a class of linear parabolic partial differential equations,

{%(t, x) = 1 Tracega (o(x)[o(z)]" (Hess, f)(t, x)) + (u(z), (V. f)(t, :)3)>Rd (1.2)
f(0,2) = p(z) .
at any given space-time locations exploiting the Feynman-Kac formula

f(T,z) = E[p(S7)]- (1.3)

Due to the dimension independent convergence rate of the Monte Carlo method this approach
is particularly attractive for high-dimensional problems, where there are only a limited number
of practical other algorithms.

In this thesis we want to go one step further and aim to approximate not only the solution at
a given space-time location, but the entire solution function

[a,b]? 5 x — f(T,x) (1.4)

at a given time 7. For this purpose we merge the theory above with classical learning theory
(cf. Cucker [21], Poggio [67], Hastie [37] and James [46]) and show that the solution function
above is the unique minimizer of the least squares error

min ~ E[|F(X) - Y]?] (1.5)

Fe?([a,b)d,R)

with respect to suitable data (X,Y) = (X, (S7)) where X is uniformly distributed in [a, b]".
Taking realizations ((xz, yi));’il of independent samples drawn from the distribution of the data
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by a temporal discretization of the stochastic differential equation, such as the Euler-Maruyama
scheme, we arrive at the empirical Learning problem

1 m
in — F(x;) — yi)? 1.6
piy o 2 1P (16)

over a hypothesis space . This allows us to tackle the problem with machine learning al-
gorithms and we will make use of deep neural networks due to their great success in dealing
with a large class of high-dimensional problems (cf. Hinton [41], Krizhevsky [55], LeCun [50]
and Silver [77]). Motivated by the Multilevel Monte Carlo simulations we furthermore propose
to combine empirical Learning Problems with different discretization precisions in order to de-
crease the computational cost of calculating the realizations. Despite the incomplete theoretical
understanding of neural networks we hope that following this approach we can overcome the
»curse of dimensionality “. This expression was coined by Bellman [7] and describes the problem
that the complexity of algorithms for solving partial differential equations are usually exponen-
tially scaling with the dimension. Instead of directly pursuing our goal of solving Kolmogorov
equations we will present the learning theory in more generality to give the reader a complete
and expandable framework, which is also applicable to other problems.

In this thesis a good understanding of measure-theoretic probability theory, stochastic analy-
sis and functional analysis will be assumed. References are for instance Ash [4], Klenke [52],
Athreya [5], Pollard [68], Le Gall [27], Kloeden [54], Schilling [75], Billingsley [10], Alipran-
tis [2], Cannarsa [17], Bobwroski [13] and Protter [69]. To begin with let us fix some notation,
mostly straightforward generalizations for vector-valued functions. Note that we could extend
most of the content of this thesis even to Banach space-valued functions (cf., for example, Da
Prato [23]).

Definition 1.0.1 (Notation). We will follow the convention that N represents the positive
integers and Ng = NU {0}. Let d,n € N, let D C R%, let (2,G,P) be a probability space and
let 7 be a metrizable space, then we denote

(i) by B(F) the Borel o-algebra of F (cf. Aliprantis [2, Section 4.4]),

(ii) by ||||lra, (-, Ve and ||-||gaxn the euclidean norm and inner product on R¢ and the Frobenius
(also known as Hilbert-Schmidt) norm on R¥™™ respectively

and we say that
(i) a function X = (X;)4,: Q — D is a random vector if it is G /B(D)-measurable and
(ii) a function F: D — R™ is Borel measurable if it is B(D) /B(R™)-measurable.

For a random vector X : Q@ — D we denote by Px the law (also known as image or push forward
measure) of X under P on the measurable space (D,B(D)) (cf. Klenke [52, Definition 1.98]).
For p € [1,00) we define LP(IP; ||-||gn) to be the Banach space of random vectors Y : @ — R”
with finite norm

1
TP ( / HYH”nd]P) — (E[IY]5.]) < oo, w.7)

where random vectors which agree P-a.s. are identified as usual (cf. Da Prato [23, Section
1.1]). In the case p = 2 the norm is induced by the inner product

(Y, Z) 2@ ) = /Q (Y, Z)gn dP = E[(Y, Z)gn ] (1.8)
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for Y, Z € L*(P;||-||gn). The expectation of a random wvector Y € LYP;||-||gn) is given
component-wise, i.€.
EY] = (E[V])", €R", (1.9)

the bias of Y with respect to (w.r.t.) § € R™ is defined by
Biasz(Y) =E[Y]—-geR" (1.10)
and the variance is given by the trace of the covariance matriz
V[Y] = Tracegs (Cov[Y]) = E[|Y — E[Y]llz] = Y = E} 72 un) € [0,00] . (1.11)

Analogously we define the conditional expectation of Y given a o-algebra H C G component-
wise, i.€.

E[Y|H] = (E[Y;|H])|_, , (1.12)
and for Y € L*(P; ||-||gn) we define the conditional variance of Y given H by

VIYH] =E[|Y — E[Y|H]|3|H] - (1.13)

Let J be an arbitrary index set, let Z7: Q — D, j € J, be a family of mappings, then we denote
by
o(Z7,j€lJ) (1.14)

the smallest o-algebra H on Q such that for every j € J the mapping Z’ is H /B(D)-measurable
(cf., for instance, Klenke [53, Definition 1.79]). Furthermore we follow the convention of
writing upper case letters for random wvectors X : Q — D and the corresponding lower case

letters for their realizations
r=X(w)eD (1.15)

for a given outcome w € Q). Finally fort,s € R let us define the abbreviation

t A s =min{t, s} € R. (1.16)



Chapter 2

The Mathematical Learning Problem

2.1 Formulation

The definitions and notions in this chapter are based on Cucker [21I], Poggio [67] and the
first chapters in Hastie [37] and James [46]. Our goal is to learn a relationship among data
Z = (X,Y) which occurs as a random vector on some probability space (€2, G, P). We call X the
input variables (also known as predictors, features or independent variables) and Y the output
variables (also response, criterion or dependent variables) and we assume that the relationship
between X and Y can be expressed by a function F' via

Y ~ F(X). (2.1)

We seek to understand the effect of the predictors on the response variables in terms of statistical
inference and estimate the output value for a given input. More precisely, observing X (w) (for
some outcome w € §2) we want to predict the value of Y (w) by F(X(w)). This can model many
situations in areas of science, finance and industry.

Definition 2.1.1 (The (Mathematical) Learning Problem). Letd,n € N, D C R4, let (Q2,G,P)
be a probability space and let X: € — D and Y: Q — R™ be random wvectors. For a Borel
measurable function F': D — R™ define the least squares error of F w.r.t. the data Z = (X,Y)

by

Exx(F) = /Q IF(X) =Y [ dP = E[[|F(X) =Y ] = [1F(X) =Y 22 e € [0,00]- (2:2)

The (Mathematical) Learning Problem asks for a function F which minimizes € x yy(F).

Note that the integrand || F(X)—Y||2. is G/B(R)-measurable due to the facts that compositions
of measurable functions are measurable, continuous functions are Borel measurable and the
collection of measurable real-valued functions is closed under most point-wise operations (cf.
Aliprantis [2, Section 4.5 & 4.6]). If it is clear from the context, we will use the abbreviation

E(F) = Exy(F). (2.3)

One could also consider other loss functions to penalize the errors in prediction, but we will stick
to the most common and convenient squared loss. In this case we get the following solution
to the Mathematical Learning Problem subject to a natural assumption in order to obtain
finiteness of the least squares error.



2.2 Solution

Recall the notation in Definition [1.0.1] and in particular denote by Px the law of X under P
on the measurable space (D, B(D)).

Theorem 2.2.1 (Solution to the Learning Problem). Assume that Y has finite variance and
let F € L*(Px;||||gn) be the Px-unique function defined by

Dsa— F(z)=E[Y|X =] e R". (2.4)

Then for every F € L*(Px; ||-||gn) it holds that
A 2 A
Exy)(F) = /D |F(x) = F(2)|| g dPx(2) + Exy) (F) € [0,00) . (2.5)

The function F is called the regression function w.r.t. the data Z = (X,Y) and solves the
Mathematical Learning Problem.

Proof. First let us define
L*(Ploxy; ||-|[rn) = {V € L*(P; ||||z=) : V is o(X)/B(R")-measurable} . (2.6)

and note that the assumption implies that Y € L?(IP;||-||gs). We will show that for all V €
L*(P|,(x); ||-||rn) it holds that

E[|V = Ylz] =E[IV - BY[X]|lg] + E[IY - EY]X]||gn] - (2.7)

This is often referred to as the least squares property of the conditional expectation and states
that E[Y|X] is the orthogonal projection of Y onto the linear subspace L*(P|y(x);|-[lrn) €
L*(P; ||+||gn)- First we calculate

E[|V =Yl = E[I(V - EI]X]) + (E[Y|X] - Y)][z]

B[V - E[Y|X)2] + BIEY|X] - V(2] + 2B[(V - EY|X], EY|X] - V] 0

and then apply the tower property of the conditional expectation (cf., for instance, Klenke [52),
Theorem 8.14]) to show that the last term equals zero
]E[(V — E[Y|X],E[Y|X] — Y>Rn]
—E [E[W — E[Y|X], E[Y|X] — Vg \U(X)H (2.9)
— B[(V — E[Y|X],E[Y|X] - E[Y|X])z] =0.
This proves the least squares property of the conditional expectation and for every F' €

L*(Px;||-||gn) we can apply the latter to the random vector V = F(X) € L*(Plo(x); ||-|lrn)
which yields

Exy)(F) = E[[IF(X) = Y|z ] = B[|F(X) - EY|X][z.] + E[IY - E[Y|X]|z.] . (2.10)
The function F' is the P x-unique function such that for each A € B(D) it holds that
/ 1ixeayE[Y|X] dP = / LixeayY dP = / F(z) dPx(2) (2.11)
Q Q A
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and thus satisfies F'(X) = E[Y|X] (cf. Ash [4, Theorem 5.3.3 and Section 5.4]). We conclude
that for every F' € L*(Px;||-||gn) it holds that

Eew)(F) = B[ [ F(X) = PX)|[5, | + B[]y = FCO|5, ] |
o A (2.12
:/D”F(@—F(ff)HRn dPx () + Ex) (F) -

]

Under a natural assumption on the output variable ¥ Theorem implies that & x y) (F )
constitutes a lower bound on the least squares error, which only depends on the distribution of
X and Y. Moreover, every Borel measurable function attaining that lower bound must coincide
P x-a.s. with the regression function F'. The number Exy) (F ) can therefore be interpreted
as a condition number associated to our Learning Problem with data Z = (X,Y) and is also
referred to as the irreducible error (see later in Proposition 2.3.7)). Due to the fact that

E[VY|X]] = E[E[IY — EY|X]|E.|X]] = & (F) (2.13)

it can also be called the expected conditional variance of Y given X. Using the tower property
one can further investigate properties of the random vector F'(X) — Y, namely

E[F(X)-Y] =0 (214)
VIF(X) = Y] =€ (F) -

In order to speak of the regression function w.r.t. the data (X,Y") let us in the rest of the
chapter assume that Y has finite variance.

2.3 Sampling

Usually one lacks knowledge about the distributions of X and Y or cannot explicitly calculate
the conditional expectation in order to obtain the regression function F. Consequently we
aim to find a suitable approximation of F' (i.e. ,learn® F') from random samples of our data
7 =(X,Y).

Definition 2.3.1 (Empirical Error). Let
z= ((in,yi))?;l (2.15)

be m € N realizations of samples independently drawn from the distribution of (X,Y). For a
function F': D — R™ we define the empirical error of ' w.r.t. the realizations z by

1 m
Ex(F) = Eauyye, (F) = — > |1F (1) = willin € [0,00). (2.16)
i=1

For the sake of mathematical accuracy we reformulate Definition [2.3.1] in a more precise and
general way.



Definition 2.3.2 (Empirical Error as Random Variable). Let m € N, let X;: Q — D, i € Ny,
and Y;: Q — R™, i € Ny, be random vectors such that it holds that (X;,Y;): Q@ — DxR", i € Ny,
are independent and identically distributed (i.i.d) random vectors with (Xo,Ys) = (X,Y). In
particular we get m independent samples

Z = (X, V)", (217)

drawn from the distribution of our data (X,Y). We define the empirical error of a function
F:D — R"™ w.r.t. to the samples Z by

1 m
E2(F) = Ecxve, () = — D I (X)) = Vi3 218
i=1 2.18

_ %H[F(Xl) Y| F(Xs) = V2| . | F(X0) = Yo

2
HRTLXm °

For a Borel measurable function F': D — R"™ the empirical error Ez of I w.r.t. Z can therefore
be interpreted as a random variable

Q5w Egu)(F) € [0,00). (2.19)

For a given outcome w € () we obtain m realizations of samples independently drawn from the
distribution of (X,Y") by

Z(w) = ((Xi(w), Yiw) L, = ((zi9i) L, = 2 (2.20)
and the notion of the empirical error () (F) = &,(F) reduces to Definition [2.3.1} Note that
we can always find a collection of independent samples drawn from the distribution of (X,Y)
by enlarging our probability space to the product space (QNO, FeNo, 1P®N0) (cf. Ash [, chapter
2.7]). For every i € Ny let m;: QN0 — Q be the projection onto the i-th coordinate given by

Wi((%’)jeNo) = Ww; (2.21)
for every (w;)jen, € QM. Then it holds that
((Xz‘, Yi>)z‘eNO = ((X om;,Y o Wi))ieNO (2.22)

indeed constitutes such a collection of samples and we can redefine our data Z = (X omg, Y o)
on (QNO, F®No, ]P®N°). Nevertheless we will keep writing (€2, G, P) for our probability space and
assume that it is chosen in an appropriate way.

Remark 2.3.3 (Empirical Error as Monte Carlo Approximation). For fized F' € L*(Px; ||-||zn)
we obtain that Ez(F) is a Monte Carlo approzimation of E(F) with order m (cf. Graham [3])],
Kloeden [53], Keller [48], Miiller-Gronbach [60] and Glasserman [32] for literature on Monte
Carlo methods). Due to the strong law of large numbers (cf. Klenke [52, Theorem 5.17] and
Athreya [3, Example 8.2.2]) the empirical error Ez(F) P-a.s. converges to

Bl&a(F)] = - YO E[IF(X) - Yill] = £(F) (2.23)

i=1

as the number of samples m tends to infinity. Notice that we seek to make the defect Ez(F') —
E(F) as small as possible for every suitable F' in order to assure that by minimizing the empirical
error we also minimize the least squares error. If the variance of |F(X) — Y2, is finite, i.e.

0> = V| F(X) ~ Y[4] < oo, (2.24)
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one can make additional statements about the rate of convergence. Due to the independence of
the samples it follows that the mean squared error of the defect equals

0.2

B [|€2(F) - E(F)F] = V[ea(P)] = — S VIIF() -Yilk] =2 (225)

and by Chebyshev’s inequality (cf., for instance, Billingsley [10, Section 5]) it holds for every

e > 0 that )

Pléz(F) — E(F) 2] < —;. (2:26)

If further there exists M € (0,00) such that it holds P-a.s. that |[F(X) — Y|gn < M (which
implies 0> < M*), we could employ Hoeffding’s inequality (cf. Boucheron [15, Theorem 2.8])

2me?
P[|E2(F) — E(F)| > e] < 2exp (_W) (2.27)
or alternatively Bernstein’s inequality (cf. Boucheron [15, Corollary 2.11])
2

P[|€z(F) — E(F)| > ¢] < 2exp (—2(02 T2M2€)> : (2.28)

Whereas for sufficient small m Chebyshev’s inequality can yield better bounds, for larger values
of m Bernstein’s inequality is superior to Hoeffding’s if o2 is significantly smaller than M* (cf.

Cucker [21)]).

Since any function F' vanishing on the realization points, i.e.

for every i € {1,2,...,m}, has zero empirical error, one needs to restrict the class of allowed
functions first in order to have a well-posed empirical Learning Problem. Informally , Learning
processes do not take place in a vacuum. Some structure needs to be present at the beginning
of the process® (Cucker [21]). We define #(D,R™) to be the Banach space of bounded Borel
measurable functions F': D — R” equipped with the norm

[F'lloc = sup || F(z)]|rn (2.30)
xz€D

(cf. Bobrowski [13, Definition 2.2.15 & Exercise 2.2.17]).

Definition 2.3.4 (Hypothesis space, (Empirical) Target Function). Let 52 be a compact (topo-
logical) subspace of (D, R") and let

Z= ((xuyz)):il (2.31)

be m realizations of samples independently drawn from the distribution of (X,Y"). We call 7
the hypothesis space and seek to find minimizers of the empirical error in that space. Accordingly
we define the empirical target function F, in the hypothesis space 7 w.r.t. the realizations z
to be a function minimizing the empirical error E,(F) over F € J, i.e. a minimizer of
1 m
in — F(x) — yil|3n . 2.32

i ) il (232
As the regression function Fisin general not an element of our hypothesis space 7€, we define
the target function F,y to be a function minimizing the least squares error E(F) over F € €,
.e. a minimizer of

min E[|F(X) - V[] (2.33)



Let us show that the minima in the definition are well-defined. First note that F' € 7 C
AB(D,R") implies F' € L*(Px; ||-||gn). Together with the assumption that Y has finite variance
the least squares error and the empirical error represent continuous functions from (2, ||-||) to
([0, 00), ||). Indeed the square root of each error can be written as a norm and the corresponding
inverse triangle inequality yields the claim. Since the space ¢ is compact, the minima will
be attained (cf., for instance, Aliprantis [2, Corollary 2.35]). However for uniqueness one
would need to consider a conver compact subspace of Z(D,R"). Although the minimizer is
not necessarily unique, we define the empirical target function E, by abuse of notation to be
one (not further specified) minimizer of the empirical error in the hypothesis space 7 (and
analogously for the target function F ). The optimization algorithm used for minimizing the
empirical error over ¢ depends on the given hypothesis space and we will see two versions
in Example and Section [1.4 In accordance with Definition [2.3.2] we want to stress the
dependency of the empirical target function on different realizations of the samples and state
the following more elaborated definition.

Definition 2.3.5 (Empiricial Target Function as Random Function). Let
Z = ((XZ7 Y;))Z1 (2'34)

be m € N independent samples drawn from the distribution of (X,Y). For every outcome w € <)
we define the empirical target function Fz ) in the hypothesis space 7€ w.r.t. the samples Z to
be a function minimizing the empirical error Ez.\(F) over F' € I, i.e. a minimizer of

m

min = 3 [F(X,(w)) ~ V@3 (23)

Fest m “
=1

Therefore the empricial target function w.r.t. the samples Z can be interpreted as a random
function

Q3w Fyy € H (2.36)

and the next lemma deals with its measurability.

Lemma 2.3.6 (Measurability of the Empirical Target Function). For every w € € one can
choose the empirical target function Fg,y in a way, such that it holds that

(i) the mapping

Q3w Fyy € H (2.37)
is G/B(A)-measurable and
(ii) the mapping A
OXxD>3 (w,x) = Fzu)(r) e R" (2.38)

is (G ® B(D))/B(R™)-measurable.

Proof. First observe that ¢ is a separable metric space induced by the uniform norm. Defini-
tion [2.3.2] indicates that for every F' € ¢ the function

Q5w Eg)(F) € [0,00) (2.39)

is G/B([0, 00))-measurable and the discussion after Definition [2.3.4] shows that for every w € Q
the function
IS F — Ez(w)(F) S [0, OO) (2.40)

9



is continuous, thus B(7¢)/B(]0, c0))-measurable. This implies that the function
Qx> (w, F)— Ezw(F) €[0,00) (2.41)

is in the class of Carathéodory functions and (G ® B(5))/B([0, c0))-measurable (cf. Alipran-
tis [2, Lemma 4.51]). The Measurable Maximum Theorem in Aliprantis [2, Theorem 18.19 with
(8,2) = (2,G), X =, f(s,x) = Exs(x) and p(s) = H for every s € S| assures that the

set-valued function of minimizers of

min €. (F) (2.42)

admits a measurable selector. That is to say, there exists a G/B(J¢)-measurable mapping
Fz: Q — 2 such that for every w € ) the function [z, is a minimizer of (2.42). This
establishes item . For the proof of the second item observe that the evaluation functional

DxH > (x,F)w— eval,(F) = F(z) e R" (2.43)

is also a Carathéodory function and therefore (B(D) ® B(¢))/B(R™)-measurable. This yields
the claim as compositions of measurable functions are again measurable. O

For the subsequent analysis we will assume that the empirical target function is chosen in the
sense of Lemma [2.3.6 This and Theorem allow us to view the least squares error of the
empirical target function Fz,) as a random variable

Fao)(2) — F(2)|[5, dPx(z) + E(F) € [0, 00) (2.44)

QBWH(S‘(FZ(W)) :/
D

depending on the different realizations of our samples. With the following proposition it is
possible to analyze the (expected) generalization error we make by only using samples of our
data and by the assumption that the dependency between the input and output variables can
be expressed by functions in some hypothesis space.

Proposition 2.3.7 (Least Squares Error Decompositions). The (expected) least squares error
of our empirical target function £ (FZ) can be decomposed into three nonnegative quantities,
namely

(i) a sample error S(Z, 7€) or variance term,
(i1) a model error (also known as approxzimation error) M () or squared bias term and

(#i) an irreducible error by

E(Fz) = (E(Fz) = E(Fw) ) + (S(For) — £(F)) + €(P) (2.45)
N -— PN -— PN .
S(Z,70) M () irred. error
]E[g (Fz)} = /DW[Fz(I‘)] + H BiasF(x) (Fz(x)) H]?{n d]Px(CL’) + g(ﬁ) (246)
respectively.
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Proof. Note that in view of equation ([2.44]) the sample error is again a random variable and
there is nothing to proof for the first decomposition. For the second claim let us denote by Py
the law of the random vector

Z=((X;,Y;) : Q= (DxR")" (2.47)

on the measurable space
((D x R")™, B((D x R")™)). (2.48)

An application of Theorem and Tonelli’s Theorem (cf. Athreya [5, Theorem 5.2.1]) yield
E[E(Fz)] = / / | Ee(x) — F(@)|[5, dPx(2) dP7(C) + E(F)
(DxRm)m JD
:iLE“ﬁﬂm—FQWQ}ﬂﬁ@ﬁ+dﬁy

Finally we employ a special version of the least squares property ([2.7)) to rewrite the expectation

E (|| Fa(x) — F)[l5.] = B [I1F @) - E[Fa(@)] ] + E [||Fa(2) - E[F2(@)]] ]

(2.49)

A . (2.50)
= |£@) = B[Ea(@)] [ + B |1 Ea(e) - E[Fa(a)][
for every x € D and combining with proves the second decomposition. O]

Given a fixed hypothesis space, we can only control the sample error (by increasing m) as solely
the latter depends on the samples Z. On the other hand if we fix the number of samples m and
enlarge the hypothesis space .77, the model error will certainly decrease, but usually the sample
error will at some point increase due to so-called overfitting. Since a too complex model for
the empirical target function will be able to depict random fluctuations caused by the variance
of the samples, it does not generalize well to the whole data (see Example below). This
trade-off between minimizing S(Z,.7#°) and M (%) suggests that there is an optimal complexity
of our hypothesis space. This is closely tied to the so-called bias-variance trade-off (with bias
related to the model error and variance to the sample error). According to Bishop [I1]: , A
model which is too simple, or too inflexible, will have a large bias, while one which has too much
flexibility in relation to the particular data set will have a large variance. Bias and variance
are complementary quantities, and the best generalization is obtained when we have the best
compromise between the conflicting requirements of small bias and small variance.

One can make the relations between the number of samples m and the capacity of our hypothesis
space ¢ more precise by considering the covering number of . and using the concentration
inequalities from Remark to bound the sample error S(Z, 7). For every ¢ € (0,00) the
d-covering number of .77, denoted by N (.77, 9), is defined as the minimal k& € N such that there
exist k balls in 2 with radius § covering .

Theorem 2.3.8 (Bound on the Sample Error). Assume that there exists a real number M €
(0,00) such that for every F' € F it holds P-a.s. that

[1F(X) =Yg < M (2.51)
and let
0® = sup V[|F(X) = Y|]3.] € [0, M"] . (2.52)
Fex
Then it holds for every ¢ > 0 that
P [£(Fz) — E(Fy) 2| 2 1= 2N (2, 35) exp | - me- . (2.53)
) =)= T S{407 + Tar%)

11



Proof. Cucker [21, Theorem C] O

Furthermore for various hypothesis spaces it is also possible to estimate the model error (cf.
Cucker [21] and Poggio [67]). Before we go on to our first example we prove a technical lemma
which allows us to compute the regression function F'(z) = E[Y|X = z] in a certain setting.

Lemma 2.3.9 (Computation of the Regression Function). Let (C,3) be a measurable space,
let W:Q — C be a G/X-measurable random variable independent of X and for every x € D
let d*: C' — R" be a ¥./B(R™)-measurable function. Assume that it holds that

(i) Y = ®X(W) P-a.s. and
(ii) for every u € C' the mapping D > x — &% (u) € R™ is continuous.

Then it holds that
F(z) =E[Y|X = 2] = E[0X(W)|X = 2] = E[®*(W)] (2.54)
for Px-a.s. x € D.

Proof. First we note that the second item establishes that the mapping
C xD> (u,x) = P*(u) € R” (2.55)

is a Carathéodory function and (X ® B(D))/B(R™)-measurable. Thus Fubini’s theorem and the
independence of X and W assure that for all A € B(D) it holds that

/ lixeaY dP = / Lixeay®X (W) dP = /D y 1ireay @ (u) dP (xw) (2, u)
/ / 1oeay @ (u) dPx (z)dPyw (u / / % (u) dPyy (u)dPx () (2.56)
//qﬂ )dPdP x (z) = /E[cbf(w |dPx (z)

and the defining property of the conditional expectation (2.11]) yields the claim (cf. Pollard [68
Chapter 4] and Aliprantis [2, Change of Variables Theorem 13.46]). O

Now we will illustrate the concepts behind the Learning Problem and the bias-variance trade-off
with an example.

Example 2.3.10. Let p € N, a,0,¢p,...,¢, ER, b € [a,00), let : R = R be a polynomial of
the form p(x) = 370_,c;a’, let X: Q — [a,b] be a (continuously) uniformly distributed random
variable, let W: Q — R be a standard normal random variable independent of X and define
the random variable Y : 0 — R by

Y = p(Xe?™). (2.57)

It is well known that the Laplace transform of the standard normal random variable W satisfies

2

E[e?"] = e7* (2.58)

for all z € C (cf., for instance, Le Gall [27, Section 1.1]). The assumptions of Theorem [2.2.1]
are satisfied and it follows that the Learning Problem of minimizing

Exx)(F) = E[|F(X) - Y[?] (2.59)

12



18 solved by the regression function
p p
F(z) = EY|X = 2] = E[p(ze?")] = Z ' E[e/V] = chycje%(jg)2 (2.60)
j=0 J=0

for Px-a.s. x € [a,b], where in the second equality we used Lemmal[2.3.9 (with ®*(u) = o(xe?")
for every x € [a,b] and u € R). Denote by X the Lebesque measure on ([a,b], B([a,b])) and
observe that

Px = 7=\ (2.61)

and that the regression function F is P x-unique. Therefore we can state that the version of the
regression function F' defined above is the is unique continuous function solving the Learning
Problem. Next suppose we want to learn this relationship between X and'Y from m realizations

zZ= ((xz,yz))zl (2.62)

of independent samples drawn from the distribution of the data Z = (X,Y) (see Figure .

a=-6 -4 -2 0 2 4 b=6

Figure 2.1: The plot shows the regression function (blue) and m = 40 realizations (green) of
independent samples drawn from the distribution of the data (X,Y") with o = 0.5,a = —6,b =
6,p=3,c0=0,c0 =1.77,co = 0,c3 = —0.015.

Let us fix the space Ps([a,b],R) of polynomials on |a,b] with a mazimal degree of s € N and
coefficients bounded by R € (0,00) as a valid hypothesis space

H = Ps([a,b],R). (2.63)

Minimizing the empirical error over P4([a,b],R) is equivalent to a linear least squares problem.
Every function F' € Z4([a,b],R) can be written as F(x) = Z;:o ;27 and by defining

A= (#])1gism 0ics € R™T gy = (i)icicm €R™, 0= (6)0cj<s € [-R, BRI (2.64)

13



it holds that

i E,(F) = i A — yl|2n . 2.65
e (F) g i L | Y|z (2.65)

From linear algebra (cf. Roman [71, Theorem 17.3]) it is known that minimizing coefficients 6
are given by applying the Moore-Penrose pseudoinverse AT of A toy (if R is chosen big enough),
1.e. the empirical target function is defined by

s

Fulw) = Y (Aly)! (2.6

J=0

for every x € [a,b]. The next three figures illustrate the bias-variance trade-off.

[
@

a=-6 -4 -2 0 2 4 b

Figure 2.2: The plot shows the previous regression function (blue) and four empirical target
functions in Z;([a,b],R) w.r.t. four independent trials with 40 samples each (green colors).
One can observe that the functions do not deviate much from each other (small variance), but
cannot approximate the regression function (large bias). The dashed line corresponds to the
target function, which can be computed by orthogonal projection.
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a=-6 -4 -2 0 2 4 b

n
=1

Figure 2.3: The plot shows the previous regression function (blue) and four empirical target
functions in Pg([a,b],R) w.r.t. four independent trials with 40 samples each (green colors).
One can observe that the functions approximate the regression function better (smaller bias),
but deviate more from each other (larger variance). The target function equals the regression
function in this case.

=il -4 -2 L} 2 4 il

Figure 2.4: The plot shows the previous regression function (blue) and four empirical target
functions in #5([a,b],R) w.r.t. four independent trials with 40 samples each (green colors).
This corresponds to the optimal complexity of the hypothesis space in order to balance the
bias-variance trade-off.
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If the size of the hypothesis space is chosen to small, i.e. in our case the degree s, we tend to
make a large model error. The (empirical) target function may be a too simplistic model and
underfits the data in the sense that it cannot capture the relevant relations between X and Y .
This can be identified with a large (squared) bias

1 ) - 2 1 - - 2
— /[a’b] ’Blasﬁ(m) (Fz(x))‘ dr = — /[a’b} ‘E[Fz(m) — F(:p)” dx (2.67)
but usually a lower variance
! / V[Fp(e)] do = — / E|| () - E[Fa(@)] "] dz (2.68)
b—a [a,b] b—a [a,b]

over different samples (see Figure . On the other side choosing a large hypothesis space
certainly reduces the model error as the target function can better represent the regression func-
tion. Employing a more complex model for the empirical target function will capture the samples
more accurately and thus lead to a lower bias but due to the fluctuations in the samples also
to a higher variance (see Figure . This so-called overfitting of the samples results also in a
larger sample error. Of course in this case the choice of s = p would be the optimal complezity
for our hypothesis space (see Figure i order to minimize both errors. However a priori
one usually does not know the regression function and it is a difficult task to choose a model
that both accurately captures the reqularities in the samples, but also generalizes well to the
whole data.

2.4 Multilevel Learning

Assume that our output data is approximated by a simulation process with adjustable precision.
That means we do not have access to Z = (X, Y) directly but can only compute realizations of
approximated data ZV = (X LN ), N € N, where increasing N is denoting a more precise, but
also more computationally expensive simulation. For the analysis let us state some assumptions
on the asymptotic behavior of the approximation quality and the computational cost for the
simulations.

(A) Let o,y € (0,00). We assume that Y: Q — R™ and YV: Q — R", N € N, have finite
variance and that there exists a strictly increasing sequence N; € N, [ € Ny, of precision
levels such that the quality of the approximation ||Y -y || L2P] ) and the expected

computational cost IE[CNZ} of calculating a single realization of the output variable Y™
follow the asymptotic behavior

1Y = Y5 gy = ONT) (2.69)

and
E[CM] = O(N)) (2.70)
for [ tending to infinity.
We keep the notation F for the regression function w.r.t. the data (X,Y’) and for every N € N
we define FV to be the regression function w.r.t. the data (X YN ) Let us revisit the empirical

Learning Problem according to Section [2.3| using the approximated data Z™M = (X, YM). Let
l € Ny and assume we have simulated m realizations of samples independently drawn from

16



the distribution of the approximated data ZM = ( le), which we will also denote by
Z = ((a:z, yl)) . Then for a given hypothesis space ¢, compact subset of (D, R"), we aim

to learn FN and define the empirical target function ]-"ZNI to be a function minimizing the
empirical error &,(F') over F' € S, i.e. an optimizer of

min — Z | F () — yillgn - (2.71)

Fext m

In the same fashion we define the target function ﬁgf w.r.t. to the data Z™ to be a function
minimizing the least squares error &y yn)(F) over F' € . By solving the minimizing prob-
lem (2.71) and therefore obtaining an empirical target function FM we make three kinds of
errors, which have to be controlled in order to state that

FN(z) ~ FN(2) = FN(z) = F(x) (2.72)
for x € D:

(i) Error by using approximated data Z™ instead of Z - can be controlled by choosing [
large enough due to assumption .

(ii) Model error M () by secking a minimizer in a hypothesis space - can be controlled by
selection of a sufficiently large hypothesis space

(iii) Sample error S(z, 5) by using realizations of samples instead of the actual data distri-
bution - can be controlled by choosing a less complex hypothesis space and sufficiently
large number of samples m (see Theorem [2.3.8)).

Let us again stress the bias-variance trade-off we face for choosing the hypothesis space in
items and . We will try to cope with this problem in Chapter [4| by choosing appropriate
deep neural networks as hypothesis space. In order to decrease the computational cost for
computing large number m of samples at a high precision (large ), which is necessary due to
items |(i) and we will introduce a new way of Multilevel Learning in this chapter. Observe
that assumption [(A)] Jensen’s inequality (cf., for instance, Athreya [5, Theorem 12.2.4]) and
Theorem 2.2.1] assure that it holds that
Ece) (FM) = Exry (F / |7 () = F(@)]|g. dPx ()
) (2.73)
- ]E[HED)NZ - Y|X} ||]R”} = ”Y -y HLQ(]P;H.HRH) - O(Nl Za)

for [ tending to infinity. Therefore in mathematical terms we obtain that

E(FN) = (E(FN) —(F0)) + (E(F) —€(FY)) + (8F™) —&(F)) +€(F), (274)

.

N —~ N

5(z,7) M(A) O(N

2
r)

where the least squares error is taken w.r.t. to the data (X,Y) (see also Figure 2.5)). In the
spirit of Remark let us compute the mean squared error of the defect. Throughout the rest
of this section we will stick to the following notation for the samples of (X LN ) on different
levels of precision N. Let X;;: Q@ — D, i,l € Ny, and Y}J: Q@ — R", 4,1 € No, N € N, be
random vectors such that it holds that the o-algebras

o((Xi, VN),i eNo, N €N), 1€N,, (2.75)
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low generalization error
N E
Fr o~ F

' [
low error by using low sample error 1 del error
approximated Data (see Theorem [2.3.8) OWN]EHO o (FV
EFN)-£(F) o) || E(FN) - E(F) ALY =

l L i

large number of

appropriate 77
time steps IV size m L2 |
[ ]

Multilevel Learning deep neural networks

Figure 2.5: Schematic representation of equation ([2.74)) suggesting possible steps to reduce the
generalization error.

| large sample |

are independent and for every N € N it holds that (Xi7l,))i]7\l’): Q — D xR" il € Ny, are
i.i.d. random vectors with (Xo,o, ngO) = (X, yN). In the beginning we will not make use of
the second index, thus we fix [ = 0 and omit writing the index, i.e. (X;,YN) = (X;0, V7Y)-

Proposition 2.4.1 (Mean Squared Error of the Defect for Approximated Data). Let F' €
and assume that Y € L*(P; ||-||gn) and sup;ey |V || Lapypjen) < 00. Then there exists a real
number C' € (0,00) such that for every l,m € N it holds that

2 N 112 1
E [|5((mlgvlml(F) = e (F))| ] <C (HY A T E) (2.76)
Proof. First observe that for vectors u, v, w € R™ it holds that
lu = vl — flu = wlZe] = |20 = w — v,w = oao] < 20— w = Vo vz (277)

Then by the same decomposition as in equation (2.50)) it holds for every [ € N that

E [‘5((&,3#”) n (F) = 5(X,Y)(F)\2}

2 =1

- (E [‘g((Xi,yZVl))zzl(F )] — ol ))2 + V[5<<X-,yfvl>>?;l(F >]

_ (E [||F(X) — YN () - YH]%”])Q + %v [HF(X) _ yN,H;n}

< (B[2P00) =Y = ¥ o [[Y = 9, ) + —E[IIF00) - 3]

(2.78)

<BJor0 -y - B[y - 9] + LB fleen -]

-~ -~

A B,

and due to the assumptions we can bound both factors A; and B; uniformly over [ € N, i.e.

2
sup Ay < 5D (201 F oo + 1Y 2 + 19| ooy ) <
leN leN ’ (2.79)

4
Ny
Sllelé)Bl < sup (HFHoo +|Y HL4(1P;H-||M>> <%0
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Defining C' = max {sup;cy A4, sup;cy Bi} proves the proposition. []

Using the approximated data we observe that the term % due to the Monte Carlo approximation

(see Remark [2.3.3) remains, but also the new term HY — YN HiQ(IP-H-HRn is introduced, which

)
by assumption I@I has an asymptotic behavior of O(Nl_2a) as [ tends to infinity. Again this

stresses the need to take a sufficiently large number of samples m, as well as a sufficiently large
value for [, i.e. a sufficiently precise simulation, in order to keep the defect small. More precisely
for a mean squared error of the defect of size €2, one needs to choose m,{ € N such that

N, =0(e7%) (2.80)
and
m=0("?) (2.81)

and thus gets an expected overall computational cost for the simulations of
E[C] = mE [CN’] = 0(872)0(]\/7) = 0(672)0(57%) — (’)(5*%*2) (2.82)

for € tending to zero. We try to improve on the overall computational cost by taking advan-
tage of the idea of Multilevel Monte Carlo simulations (cf. Giles [29] & [30], Cliffe [20] and
Heinrich [40]). For this Multilevel Learning approach we use data based on different levels of
precision.

L

Proposition 2.4.2 (Multilevel Learning). Let L € N and define the Multilevel data (31)120

with
(i) 0-th level data 3° = ZNo = (X, yNO)
(it) l-th level data 3' = (X, YNt — YN=1) forl e {1,2,...,L}
and for every l € {0,1,..., L} denote by § the regression function w.r.t. to the data 3'. Then

for Px-a.s. x € D it holds that
L

> Fz) = FV(x). (2.83)

=0

Proof. For the convenience of the reader we define YV-! = 0 and thus it holds that

(350 = ((x.y% —p¥))

. (2.84)

By assumption for every I € {0,1,..., L} the output data Y — YNi-1 has finite variance
and according to Theorem it holds that

§'(x) = E[YM — yN-1|X = 2] (2.85)

for P x-a.s. € D. Therefore the linearity of the conditional expectation establishes that
L
Z le _ yNz—1

@l(x) =E X = x]
; P (2.86)

=E[YN - YV |X = 2] = E[Y|X = 2] = FNe(2)

for Px-a.s. x € D. O
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That shows that solving the (standard) Learning Problem w.r.t. to the data
ZNe = (X, YN) (2.87)
is equivalent to solving the L + 1 Learning Problems with Multilevel data

(310 = ((X, Y- yNH))L (2.88)

1=0

and adding up the regression functions. The advantage of the latter approach is that we expect
the differences Y™Vt —YVi-1 to be small as both terms approximate the same output data only on
a different level of precision. This would lead to a smaller variance in the output variables and
we expect to need less samples to obtain an accurate estimate via the empirical target function.
Only in the lowest level [ = 0 we do not have this reduction, but in exchange the simulations of
the output data at lower levels have decreased computational cost. Thus we hope that following
this Multilevel Learning method we get the same precision of the empirical Learning Problem
at a significantly lower computational cost. But we cannot perform a rigorous analysis due to
the minimization procedure and the severe dependency of the (empirical) target function on
the chosen hypothesis space. Thus for motivational purposes we will only consider the extreme
case of D = {z} for x € R%. Then for every random vector V € L%(P;||||gn), every m € N and
i.i.d. samples Z = ((X;, V;));L drawn from the distribution of (X, V) = (x,V’) the empirical
target function Fy w.r.t. to the samples Z satisfies that

Fula) =3, (280
and thus it holds that R :
E[Fz(z)] = E[V] (2.90)
and
V[Fy(a)] = %W[V] | (2.91)

Under these assumptions we can make it plausible that it is asymptotically advantageous to
use the Multilevel Learning method.

Proposition 2.4.3 (Computational Cost of Multilevel Learning). Let x € RY, assume that
D = {z}, assume that assumption |(A) holds with o > % and that supey || YV HLQ(]P_”_HM) < 00.
Then it holds that there exist L € N and mg, mq, ..., my € N such that by defining the Multilevel
samples

Zo = (X0, Y00)) i)

Cm (2.92)
Z, = ((XM’ l],\z(l - l],\i]l_ ))z:ll
forl € {1,2,...,L} and the corresponding empirical target functions @'zl we obtain a mean
squared error
I 2
E [ §z(X) - F(X) = 0(?) (2.93)
with an expected overall computational cost for the simulations of
O(e7?), if o > 1
E[C] = ( 2) ) f 2 (2.94)
O(e*(loge)?), if =3

for € tending towards zero.
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Proof. Define YN-1 = 0 for a simpler notation and recall the decomposition in equation ([2.50)).
This, the independence of the Multilevel samples (Z;)~, and equations (2.90) & (2.91)) assure
that it holds that

2

B[S 8- 0| | =S VEa@)] + [ F@ - 3 Effa@)]
= Z i\/ D;Nz _ le_l} + ]E[Y] _ Z E[yNz _ le_l}
=0 " 1=0 Rn (2.95)

B9 -2 2] + B |y - v

2
R7l

2
<||Y =Y ey + 1Y =Y HLQ(IP;II'Huw)) Y = Y oy

A
M) =
ENTS

N
Il
=)

M) =
S|~

<

I l

I
=)

The claim follows by using a theorem on the complexity of Multilevel Monte Carlo simulations in
Cliffe [20, Theorem 1 with 8 = 2a] or Giles [29, Theorem 3.1]. Note that in the latter references
it is assumed for simplicity that there exists s € N\ {1} such that for all l = 1,2,..., L it holds
that Nl = SNl_l. O

For a discussion on optimal or sensible values for the numbers L, mg, my, ..., mp, s we refer the
reader to Giles [29]. Note that the computational cost of the standard approach in this special
case coincides with the estimate in equation . Indeed by choosing m,l € N such that
m = (9(5_2) and N; = O(s’é), defining the samples

m

z = ((x:,9)) (2.96)

i=1

. .. . ~ N, .
and the corresponding empirical target function F,' we obtain a mean squared error

B |[[£"(X) = FO|[5.] = V[F'@)] + |F@) - E[F @) |}

2

- Ly + By - 2, 207

1 N2 N 112 - 2
= I ey + 1Y = YN 2y = O )

with an expected overall computational cost for the simulations of

E[C] = O(s=7?). (2.98)
Therefore under the (harsh) assumptions of the previous Theorem the Multilevel Learning
approach can yield significant computational savings and we hope that this will transfer also to
more general settings. In Section 3.5 we revisit the Multilevel Learning approach in the context
of Kolmogorov equations and Chapter [5| presents promising numerical results.

Remark 2.4.4. Note that we did not include the computational cost of minimizing the empirical
error, i.e. finding the empirical target function, in our analysis. In other words we assumed the
cost of the L+ 1 minimization problems in the Multilevel setting to be comparable to the cost of
a single minimization problem for the standard setting or neglectable in comparison to the cost
of the simulations.
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Chapter 3

Stochastic Interpretation of
Kolmogorov Equations

In this chapter we will investigate the link between a class of linear parabolic partial differential
equations, so-called Kolmogorov equations, and solution processes to stochastic differential
equations with the help of the Feynman-Kac formula. This probabilistic interpretation allows
us to reformulate the problem of calculating the solution to a Kolmogorov equation into a
Learning Problem as defined in Chapter[2l Thereupon we will temporally discretize the solution
process to the stochastic differential equation by the Euler-Maruyama scheme in order to obtain
samples for the empirical Learning Problem, analyze the occurring errors and propose a suitable
Multilevel Learning Problem.

3.1 Setting

Throughout this chapter let T € (0,00), d € N, let (2,G,P) be an appropriate probability
space equipped with a complete filtration (Gy)¢cjo,r), let

B=((B},B},...,B}) [0, 7] x Q — R? (3.1)

te[0,7)

be a standard (€2, G, P, (G;)icjo,77)-Brownian motion (cf., for instance, Schilling [75]), let
p= ()L RY 5 RY

d d dxd (3.2)

be (globally) Lipschitz continuous functions, i.e. there exists K € (0,00) such that for all
z,y € R? it holds that

Ie) = o)l < K e =yl s
lo(x) = o(y)llraxe < K [l = yllga

and let ¢: R? — R be a twice continuously differentiable function with an at most polynomially
growing gradient, i.e. there exists ¢ € [1,00) such that for all z € R? it holds that

IVe()lee < e (14 [|2]|re)” (3.4)
Observe that the Lipschitz condition (3.3) on o and p implies that there exists a real number
K € (0,00) such that for every x € R? the linear growth condition

lis(@)lls < K (1+1al)

(@) [[gaxa < K (1 + [|2[|e) (3.5)
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holds (cf. Schilling [75, Section 18.3]). Recall the definition of stopping times and stochastic
integrals (cf., for example, Le Gall [27, Definition 2.18 and Chapter 5]) and note that we
compute multi-dimensional integrals component-wise, that is for suitable integrands

G = «Gi)f:l)te[o 7 [0, 7] x Q@ — RY

H = ((HZJ)ZJZI) - [O T] N ]Rdxd

d
T2 T2
/ Gsds = </ G ds) (3.7)
n n i=1
72 d_ o d
/ H,dB, = (Z/ HY ng') . (3.8)
T1 j=1 T1 .

=1

(3.6)

and 0 < 73 <715 < T we define

and

Let us proof bounds on these stochastic and deterministic integrals, which will be used in
subsequent proofs.

Lemma 3.1.1 (Bounds on (Stochastic) Integrals). Let p € [2,00), 13 € [0,T], 72 € [11,T], let
T:Q — [0,00] be a stopping time and let G: [0,T] x Q — R? and H: [0,T] x Q — R4 pe
(Gt)tepo,r)-adapted stochastic processes with right-continuous sample paths, which satisfy P-a.s.
that

sup ||Gsllre < 00 (3.9)
s€[0,7
and
sup ||Hs||gaxa < 0. (3.10)
s€[0,T]

Then it holds that

AT p .
E [ max / G, ds } < (72—71)10—1/ E[|Gonr|2.] ds (3.11)
n<t<T2 || S, R ‘r1
and
T2
[@g / H, dB, } < P —m)h! / E[|Hor|Pur] ds.  (3.12)

Proof. For the first claim the triangle inequality, Holder’s inequality (cf., for instance, Klenke [52]
Theorem 7.16]) and Tonelli’s theorem yield
t p
/ G 31[0,7—] ds 1
R4

/ G,ds

p T2 p
SE{%&X ( ||Gsﬂ[0,ﬂ\|wd8) | <e|([ 16urlwas) ] (3.13)
TISERT2 NS m

< (rp— ) / E[IGonr|L.] ds

T1

]:E[max

T1<t<T2

max
T1<t<m2
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for the second claim we apply the Burkholder-Davis-Gundy inequality (cf., for example, Da
Prato [23, Section 4.6] and Le Gall [27, Theorem 5.16]) and Hélder’s inequality to obtain

t P
/ H,dB, } =E [ max / H1y9,7(s) dBs }
1 TIStSTQ 1 Rd

. pp( [ Bl (o)

ds>2 < pp< / U B[ Hoxr ] d5> 2 (3.14)

gﬂm—ﬁﬁl/ B[ Hoxr %] ds

T1

max
71 <t<To

hSAIN
hSEIN

and this proves the lemma. O

Let us define the notion of a solution process to a stochastic differential equation and exhibit
its properties.

Definition 3.1.2 (Solution Process to a Stochastic Differential Equation). Let X: Q — R? be
a Go-measurable random vector. We will say that S : [0,T] x Q — R? is a solution process to
the stochastic differential equation (SDE)

t t
$:X+/uwﬁ@+/JWﬂﬂ% (3.15)
0 0
if SX = (SX)te[O o 0, T] x Q@ — R is an (Gy)sepo.r)-adapted stochastzc process with continuous
sample paths which satisfies that for every t € [0,T] equation (3 P-a.s. holds.

Note that in our setting an up to indistinguishability unique solution process to the SDE (|3.15|)
exists (cf., for instance, Le Gall [27, Theorem 8.3 & 8.5] and Schilling [75], Section 18.3]) and
fulfills the following bound on the moments (cf. also Arnold [3, Section 7.1, Friedman [26)
Chapter 5, Theorem 2.3] and Kloeden [54], Chapter 4] for slightly different versions).

Lemma 3.1.3 (Bound on the Moments of the Solution Process). Let p € [2,00), 71 € [0,T],
let X: Q — R? be a Gy-measurable random vector with

E[||X|?.] < oo (3.16)

and let S*: [0, T] x Q — R? be a solution process to the SDE (3.15). Then there exists a real
number C' € (0,00) depending only on p, K and T such that for all Ty € |1, T) it holds that

E {1235 sX1% ] < CeC<Trfl>(1 +1E[||X\|§d]) . (3.17)

Proof. For the convenience of the reader we will just write S instead of S¥X for the solution
process to the SDE (3.15)). For every m € N let

T =inf {0 <t < Tt ||Si|jga > m} (3.18)

be a stopping time with the convention that inf @ = oo (cf. Le Gall [27, Proposition 3.9]
and Protter [69, Section I.1]), which assures that the upcoming expectations are well-defined.
Several times in the proof we will apply the following elementary inequality, which can be
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verified by Hoélder’s inequality. Let N € N, J € [1,00) and aq,as,...,ay € R, then it holds

that
N v
(Z ]ai|) < NV Z la;|” < Nﬁz |a;|” . (3.19)

i=1 i=1
Observe that the linear growth condition (3.5 and the previous inequality imply that for every
x € R? it holds that

l(@)l[5a < K)? (1+ [|z]5a)

(3.20)
o) |[faxa < (2 ) (L + [llfa) -
Let 71,72 € [0,T] and m € N, then equations (3.15]) & ( - ) establish that
r tATm p
B | max o] <27 (EOXI) +E | mx | [ wsyas] ]
X 7
) AT » (3.21)
+ E | max / o(Ss) dBs ] :
71 <t<To
L L= 1 R4

'

B
applying Lemma and the growth estimate (3.20)) to first integral in (3.21)) yields

A< (r—m) / E[|l(Sonr ) [1%] ds
n (3.22)

< 2K)yP T (T+/ E[l|Ssn7 5] ds)

T1

and for the stochastic integral we obtain analogously

B<p(r—m)t / E[l0/(Surr)Faea] ds
" (3.23)

< QRppTH! (T+ / E[||Sunr 2] ds) .

In view of (3.21), (3.22) and (3.23) there exists a real number C' € (0, 00) depending only on
p, K and T such that for every m € N, 7 € [r1,T] it holds that

E[max 1Suxr 12 ]so(HE[nxnﬁdh JACIERAS ds)

1 <t< -

<C (1 + E[||X]%.] +/ E [Tfrgi(sHSmeH%dzl ds) :

T1

(3.24)

Now we can apply Gronwall’s lemma (cf. Klenke [52] Lemma 26.9] and Kloeden [54, Lemma
4.5.1]) to show that for all m € N, 7, € [, T it holds that

B | max ISim | < 09 (14 BIXI]). (3.25)
Note that the continuous sample paths of S imply that for every w € €2 it holds that
lim 7, (w) = o0 (3.26)
m—r0o0

and thus the monotone convergence theorem (cf., for instance, Athreya [5, Theorem 2.3.4])
proves the claim when letting m tend to infinity. m
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Next we define the special class of parabolic linear partial differential equations we are dealing
with and state sufficient conditions on the smoothness and growth of the solutions for the
subsequent theory.

Definition 3.1.4 (Kolmogorov Equation). We call a function f = (f(t,7))¢w)eprxre €
€12([0,T] x R4 R) a solution to the Kolmogorov equation if it satisfies for every t € [0,T],
x = (x1,72,...,24) € R? that

G (t.) = 3 Tracega (0 («)[o(2))" (Hess, f)(t, ) + (u(x), (Vo f)(t,2) g

=3 2 oul@)on(@) i () + 3 p(a) gk () (3.27)
f(Ov l’) = Qp(x) .

We say that the solution to the Kolmogorov equation is at most polynomially growing, if there
exists ¢ € [1,00) such that for every x € R? it holds that
< Ca) . .
max 1/(6,2)| < e (1+ ) (3.28)
Remark 3.1.5 (Kolmogorov Backward Equation). The Kolmogorov equation (3.27)) is also
referred to as Kolmogorov partial differential equation (PDE) or Kolmogorov backward equation

in the literature (cf. Hairer [36]). The latter name origins from the fact that one can rewrite the

Kolmogorov equation backwards in time. Let f be a solution to the Kolmogorov equation ([3.27))
and let g € €12([0,T] x R R) be the function defined by

g(t,x) = f(T —t,x) (3.29)

for allt € [0,T], z € R%. Then by the chain rule it holds for every t € [0,T], x € R? that

{g—f(t, ) = —3 Tracega (o (2)[o(2)]" (Hess, g)(t, 7)) — (pu(2), (Vag)(t, ) )ga (3.30)

9(T,x) = p(x).

Note that the backward formulation has a terminal condition opposed to the initial con-
dition n . For time-dependent coefficient functions p and o the backward formulation
would be the appropriate one, but in our time-homogeneous setting the two formulations are
equivalent.

Our goal is to approximately calculate the function R? > z — f(T,z) € R on some subset of
R?. To fix ideas we consider real numbers a,b € R with a < b and we suppose that our goal is
to approximately calculate the function

[a,0]Y >z f(T,z) € R. (3.31)
3.2 Feynman-Kac Formula

The next theorem provides the important connection between the solution of the Kolmogorov
equation and the solution process to an associated stochastic differential equation.
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Theorem 3.2.1 (Feynman-Kac Formula). Assume there ezists an at most polynomially growing
solution f € €Y2([0,T] x RYR) to the Kolmogorov equation (3.27) and for every x € R? let
S2:[0,T] x Q — R? be a solution process to the SDE

t t
Sf=x +/ p(SY) ds +/ o(SY)dBs. (3.32)
0 0
Then for every x € RY it holds that

f(T,2) =E[£(0,57)] = E[p(S7)]- (3.33)

Proof. The proof will be based on the backward formulation of the Kolmogorov equation in
Remark and we define g € €1%([0,T] x R%, R) by

g(t,x) = f(T —t,x) (3.34)

for all t € [0,T], # € RY. The assumption that f and thus g is polynomially bounded implies
that there exists ¢ € [1,00) such that for every z € R? it holds that

o gt )| < o (1+ el) (3.35)

Now we fix z € R? and for our convenience just write S instead of S* for the solution process
to the SDE ({3.32)). For every m € N let

T =inf {0 <t < T: ||Sy|[ga > m} (3.36)

be a stopping time. It6’s formula (cf., for instance, Le Gall [27, Section 5.2]) on the process
g(tN'To, Siats,,) together with equation (3.30)) and the assumption that f solves the Kolmogorov
equation yields

TATm 4 ‘ TATm
(T A Tras Stat,) = (0, S0) +/0 > 2(s,8,)03;(S.) dB] +/0 %(s,S,)ds

TATm 4 d )
+ / S (802 (5, 8) + 1 3 (S )ou(S) 55 (s, 8,) ds (3.37)
O .7

Due to the definition of the stopping time, the smoothness of g and the Lipschitz condition (3.3])
on o the second summand is a martingale and has vanishing expectation

TATm '
Z / (s, 84)044(S.) dBI | =0 (3.38)

1,7=0

(cf. Le Gall [27], Proposition 4.7 and Section 5.1.2]). Thus by taking expectations in (3.37)) for
every m € N it holds that

E g(Tm, S7,.) LiTn<ry] + E[g(T, S7) 17,51 = 9(0,50) = f(T, z). (3.39)
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Lemma assures that for every p € [2,00) there exists a real number C' € (0, 00) such that
it holds that

E [Oriltax 1St ] < Cet <1 + ||x\|§d> . (3.40)
With (3.35)) we can bound the first term of equation (3.39) in absolute value by
E[lg(Tm, St )| Lizzry] < ¢(1+m)P(Ty < T (3.41)

and by Chebyshev’s inequality it holds that

0<t<T 0<t<T

P[T,, <T] =P {max 1Sl e > m} <m*E [max H'%H]M} (3.42)

<m 2 CeT (14 ||z]2) .

We conclude that the first term in (3.39) converges to zero as m tends to infinity. For the
second term we observe that for every m € N, w € Q it holds that

19(T, S7)| L7511 < € (14 [|S7lla) (3.43)

and due to (3.39) & (3.40) the dominated convergence theorem (cf. Athreya [5, Theorem 2.3.11])
assures that

E[£(0, 57)] = [ lim ¢(T, ST)ﬂ{MT}} = lim Blg(T, Sr)V(r,om] = [(To2).  (3.44)

— 00

The assumption that for every x € R? it holds that ¢(z) = f(0,z) concludes the proof. O

Remark 3.2.2 (Other Versions of the Feynman-Kac Formula). There are various other and
more general formulations of the Feynman-Kac formula (cf., for instance, Oksendal [63, Chap-
ter 8, Schilling [75, Theorem 8.6] and Durrett [24, Section 8.3]). Under further assumptions on

v, 0 and p one does not need to assume a priori that there exists a solution to the Kolmogorov
equation but the function f:[0,T] x R — R given by

f(t, ) = E[p(S7)] (3.45)

for all t € [0,T], x € R? automatically represents a (unique) solution to the Kolmogorov
equation (cf. Friedman [26, Theorem 5.6.1], Kloeden [5], Theorem 4.8.6] and Hairer [36,
Corollary 4.17 and Remark 4.1]). Also note that this result is directly related to the fact that
the solution of the SDE is a Markov process w.r.t. the filtration (G;)icor) with Feller
semigroup (Qy) defined for every ¢ € B(R4,R) by

Qup(x) = E[p(S7)] (3.46)
and generator L defined (at least) for every f € €*(R% R) by
Lf(z) = § Tracega (o (x)[o(z)]* (Hess, f)(t,2)) + (u(x), (Vo) (t, @) (3.47)

(cf., for instance, Le Gall [27, Theorem 8.6 and Theorem 8.7]).
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3.3 Connection to the Learning Problem

Recall the Mathematical Learning Problem from Chapter 2| and the definition of the Kol-
mogorov equation (3.27)). Using the Feynman-Kac representation (3.33)) of a solution to the
Kolmogorov equation f(7,x) at time 7" we can formulate an equivalent Learning Problem.

Proposition 3.3.1 (Learning Problem for the Kolmogorov PDE). Let f € €%2([0,T] x R%, R)
be an at most polynomially growing solution to the Kolmogorov equation, let X : Q — [a, b]? be

a (continuously) uniformly distributed Go-measurable random vector, which is independent of
o(By,t €10,T)), and let S*:[0,T] x Q — R be a solution process to the SDE

t t
SX =X +/ 1(SY) ds +/ o(5)) dB;. (3.48)
0 0
Define the data of the Learning Problem for the Kolmogorov equation by
Z=(X,Y)=(X,0(57)) (3.49)
and denote by F the regression function w.r.t. to (X,Y). Then it holds that
(i) F(z)= E[¢(S3)] = f(T,z) for a.e. x € [a,b]? and

(ii) the function [a,b]? > x — f(T,x) € R is the unique minimizer of

. X\ |2
Fe%%;%d’R)E[\F(X) — (S| ] . (3.50)

Proof. First note that the uniformly distributed random vector X has bounded moments (cf.
Zwillinger [80, Section 7.3.2]) and Lemma therefore assures that for every p € [2,00) it
holds that
E|||S5 5] < oo (3.51)

The assumption on f assures that there exists a real number ¢ € [1,00) such that for every
z € R? it holds that

(@) = 1£(0,2)] < ¢ (1 + [lxlza) (3.52)
Together with inequality (3.19) and (3.51]) this shows that for every p € [2,00) it holds that

EBllo(s9)I"] <Ble(1+ 158 5) | < B[z (1+]58]@)] <o (3:53)

This establishes that the random vector ¥ = ¢(S7) has finite variance and according to
Theorem the corresponding Learning Problem has a P x-unique regression function F
minimizing the least squares error. Note that [Px is just a multiple of the Lebesgue measure
on [a,b]? and we claim that for a.e. z € [a,b]? it holds that

F(z) =E[Y|X = 2] = E[p(S7)|X = 2] = E[p(S)]. (3.54)

The last equality can be made precise by the following argument. Define B (%([O, T], ]Rd)) to be
the Borel o-algebra on the Banach space (¢([0,7],R?), |-[|l«) and ¥ to the be its completion
by all Pg-null sets. Adopt from Le Gall 27, Theorem 8.5] that for every z € R? there exists a
¥/B(R%)-measurable mapping ¥*: %'([0, T],RY) — R such that it holds that
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(i) S7 = V*(B) P-a.s.,
(ii) S = ¥¥(B) P-a.s. and
(iii) for every u € (|0, T],R?) the mapping [a,b]¢ 3 x — ¥*(u) € R? is continuous.

Consequently Lemma yields the claim (with ®*(u) = p(¥®(u)) for every x € [a,b]? and
u € €([0,T],R%)). Using the Feynman-Kac formula it follows that for a.e. x € [a,b] it holds
that A

f(T,2) = Elp(S7)] = F(2) (3.55)

and due to the assumption that [a,b]? > 2 + f(T,x) € R is continuous it must be the unique
continuous function F': [a,b]? — R minimizing the least squares error

Ex)(F) = E[!F(X> —¢(57) ﬂ = ﬁ /[ab]d |F(z) — F(z)|* de + Exyy (F) . (3.56)

This proves Proposition [3.3.1 O

That means that the continuous version of the regression function w.r.t. to the data Z =
(X ,90(57)? )) equals the solution of the Kolmogorov equation on [a,b]? at time 7. We will
demonstrate this connection with an easy example.

Example 3.3.2. Letd =1, p €N, a,7,¢p,...,¢,, T € R, b € [a,00), define the polynomial

0: R = R by p(x) = ?:0 c;x? for every x € R and suppose we want to calculate a solution
to the Kolmogorov equation
0 — 9?2 0
(1,0 = 3o (251, 0) + 031, 2) .57
fQ0,2) = o(x)

at time T for x € [a,b]. In our previous notation the functions p: R — R and o: R — R are
thus defined by
o (3.58)

N =

() =
and
o(x)=ox (3.59)

for all x € R. Note that the functions ¢, o and p are sufficiently smooth in order to employ
a version of the Feynman-Kac formula cited in Remark and to conclude that this Kol-
mogorov equation has a unique solution given by the Feynman-Kac representation in .
Let us investigate the corresponding Learning Problem. Given a standard (2, G, P, (G;)ico.17)-
Brownian motion B: [0,T] x @ — R and a (continuously) uniformly distributed Go-measurable
random variable X : Q — [a,b], which is independent of o(By,t € [0,T]), the associated SDE
reads

t t
SX =X+ / 1625% ds + / 7S dB,. (3.60)
0 0
By Ito’s formula the stochastic process
X B¢ .
(S )sepor = (X€™) oyt 0, T] x @ = R (3.61)

is the up to indistinguishability unique solution process to the SDE (3.60)). According to Propo-

sition [3.3.1] let us define
Y =¢(57) = ¢(XePT) (3.62)
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and note that Br is a centered normally distributed random wvariable with variance T. We
observe that the data Z = (X,Y) corresponds ezactly to our Example |2.5.10 with o = VT

and W = .\/LTBT. Ther@forg equation (2.60|) establishes that the unique continuous version of
the regression function is given by

p
F(z) = Z ¢;al 20T (3.63)
=0

for all x € [a,b] and one can check that F(x) indeed equals the solution of the Kolmogorov
equation f(T,z) at time T.

In a general situation we can neither calculate the regression function nor a solution to the
stochastic differential equation explicitly. While we can approximately solve the first problem
by finding the empirical target function and balancing the bias-variance trade-off as treated in
Sections [2.3 and [2.4], we will cope with the second problem in the next section.

3.4 Approximation by the Euler-Maruyama Scheme

Since in most cases we do not know an explicit solution to the stochastic differential equation
and even cannot compute realizations of the random vectors S or S%, we will approximate
the solution of the stochastic differential equation by the Euler-Maruyama scheme (cf., for
example, Kloeden [54] and Maruyama [58]). To motivate the definition let X: Q — R< be a
Go-measurable random vector and let S¥: [0, 7] x © — R? be a solution process to the SDE

t t
Sf‘:X+/ 1(S7) ds+/ o(SX) dB,. (3.64)
0 0

Let N € N and partition the time interval [0, T into N subintervals of equal length, i.e. for every
ne€{0,1,...,N} we set t, = % Note that (3.64) implies that for every n € {0,1,..., N — 1}
it holds [P-a.s. that

tn+1 tnt1
SE L :S§j+/ ) 1(SX) ds+/ ) o(5Y)dB,. (3.65)
tn tn

This suggests that for sufficiently small step size % = tp41 — t, 1t holds that

SX

tn+1

and we take (3.66) as a definition for the Euler-Maruyama scheme.

Definition 3.4.1 (Euler-Maruyama Scheme). Let N € N, let X: Q — R be a Go-measurable
random vector and let

NX _ (N, X ) d
ST = (8 oyt 101 N X Q= R (3.67)
be the stochastic process which satisfies for everyn € {0,1,..., N — 1} that SéV’X =X and
Sivff = Squ’X + ,M(S,]IV’X) % + O’(ST]LV’X) (B(n-}]—\rl)T — B%> . (3.68)
Then we call SNX the Euler-Maruyama approzimation for the SDE ([3.64) with step size %
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Observe that (3.66) and (3.68) suggest that for every n € {0,1,..., N} it holds that
Sar = S{ ~SF. (3.69)
N

We want to analyze the quality of the approximation (3.69)) more precisely, therefore we state
a technical lemma on the moments (cf. also Kloeden [54] proof of Theorem 10.6.3]) and then a
theorem on the strong convergence rate for the Euler-Maruyama scheme.

Lemma 3.4.2 (Bound on the Moments of the Euler-Maruyama Scheme). Let p € [2,00), let
X: Q= R be a Gy-measurable random vector, which satisfies that

E[|X|?.] < oo, (3.70)

let SX:[0,T] x Q — R? be a solution process to the SDE

t t
SX x4 / w(5) ds + / o(5) B, (3.71)
0 0

and for every N € N let SNX:{0,1,..., N} x Q — R? be the Euler-Maruyama approzimation
for the SDE (3.71) with step size L. Then there exists a real number C' € (0,00) depending
only on p, K and T such that it holds that

B[22 < c(1+E[IXIE]) - 3.72
sup max B [[857[p] < O(1+ B[l Xz.] (3.72)
Proof. The proof proceeds in an analogous spirit to the proof of Lemma [3.1.3] and for our
convenience we just write SV instead of S™X for the Euler-Maruyama approximation with
step size % We define for every N € N the constant extension

SV =(8") [0, T] x Q — R? (3.73)

t€[0,T]

of the Euler-Maruyama approximation to [0,7] which for every n € {0,1,...,N — 1} and

te [E M) is given by

N°' N _
SN =8N (3.74)
and )
SN =583, (3.75)
Then for every N € N, n € {0,1,..., N} it holds that
S =8V :X+/ 1(SY) ds+/ o(SY) dB;. (3.76)
N 0 0
For every m € N let
T =inf {0 <t <T: ||Byfjga > m} (3.77)

r tATm
E[\\Sﬁmngd} §3p1<E[|yX\|%d]+E max / 1(SY) ds
0

0<t<r

N

be a stopping time, which assures that the upcoming expectations are well-defined. Let m, N €
N, 7 € [0, 7], then equation (3.76]) and inequality (3.19)) establish that

p

B
A

- AT p
+ E | max / O’(Sﬁv) d B } ,
0<t<7 || /o

Rd

(3.78)

TV
B
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applying Lemma and the growth estimate (3.20)) to first integral in (3.78)) yields

A< Tp—lf 1827, 1] ds

- (3.79)
< ey (14 [(B[ISky 5] as)
0
and for the stochastic integral we obtain analogously
B <pp7'—1/ B|[|o/(S5r,) o] ds
(3.80)

< (Qf(p)PTTl (T+/ [HS ATom ” } ) :

In view of (3.78), (3.79) and (3.80) there exists a real number C € (0,00) depending only on
p, K and T such that for every m, N € N, 7 € [0, T] it holds that

E [[|8 7 7] < € (1+E[||X||§;gd]+ /0 B85 12 }ds). (3.81)

Now we can apply Gronwall’s lemma and the monotone convergence theorem to show that for
all N € N, 7 € [0, 7] it holds that

B||SY|lh] < Ceo (1 + EIIXIR] ). (3.82)

The definition of the constant extension of the Euler-Maruyama scheme therefore establishes
that it holds that

sup  max [Hsyugd]_sup sup E[HsMH ]§060T<1+E[|]X||§d]> (3.83)

MeN nef0,1,...M} MeN 7¢[0,T)
and thus proves the lemma. O

Let us continue with a theorem on the strong convergence rate for the Euler-Maruyama scheme
(cf. also Kloeden [54, Theorem 10.2.2], Milstein [59], Hofmann [42] and Miiller-Gronbach [61]).

Theorem 3.4.3 (Strong Convergence Rate for the Euler-Maruyama Scheme). Let p € [2, 00),
let X: Q — RY be a Gy-measurable random vector, which satisfies that

E[||IXZ.] < oo, (3.84)

let SX:[0,T] x Q — R? be a solution process to the SDE

t t
SX =X+ / w(S¥) ds + / o (5¥) dB, (3.85)
0 0

and for every N € N let
SMY.{0,1,...,N} x Q = R? (3.86)
I Then there exists

be the Euler-Maruyama approzimations for the SDE (3-85) with step size
a real number C' € (0,00) depending only on p, K, K and T such that for every N € N it holds

that

X N, X
5% — SN

max ‘
ne{0,1,....N}

< = (141X o) (3.87)

LP (P llga)
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Proof. Again we just write S instead of S¥ for the solution process to the SDE (3.85)), SV
instead of SN¥ for the Euler-Maruyama approximation with step size % and for every N € N
we define the constant extension

§% = (&)
of the Euler-Maruyama approximation to [0, 7] according to the proof of Lemma [3.4.2 Then
it holds for every n € {0,1,..., N} that

nT nT

SV x4+ / " (SN ds + / Y o(S¥VdB, . (3.89)
0 0

eyt 0TI x Q= R4 (3.88)

For every N € N, n € {0,1,...,N — 1}, % <7< %, equations (3.85)) & (3.89) and
inequality (3.19) yield

P

R4

p

B[S = 8¥ o] = E|||(5- = Suz) + (Suz - SY)

/ u(S.) ds

~
A B
nT p nT

/UN 1(Ss) — p(SY) ds d /ON o(S.) — o(8Y) dB,

< 4P—1(IE

C D
using Lemma and the growth estimate (3.20) we can bound the first two terms by

A< (=) [ B[] s

< (2[?%)17 (1 +E LrgtaSXTHStH%d})

+E /T o(S,) dB,

p
Rd R
e

(3.90)

J/

p

+E +E

R4

(3.91)

and

Be(i-%)" w [ B]lo(s) ] as

7\ 2
<(%)
and using Lemma and the Lipschitz assumption (3.3)) we can bound the last two terms
by

(2Kp)? (1 +E [max HStH%dD (3.92)

0<t<T

o< () [ Bllu(s) - s ] o
0 (3.93)
< Tlep/ B[S, - 8|] ds
0

and

< ()7 [ E[lo(s) - o) ] a

(3.94)
< T5 N (Kpy / E[ |5, — 82|12 ds.
0
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In view of (3.90), (3.91), (3.92), (3.93), (3.94) and Lemma there exists a real number

C € (0,00) depending only on p, K, K and T such that for every N € N, 7 € [0, 7] it holds
that

B[S, - 8¥|1.] < ON-5 (1 + B[IX|5)) + é/ E[|s, - S¥[2] as.  (3.95)
0
Finally we can apply Gronwall’s lemma and the definition of the constant extension of the
Euler-Maruyama scheme to show that for every N € N it holds that

max B||s - Y| | < sw B[|ls, - 5]
nef{0,1,...N} N R 7€[0,T] (3.96)
< sup ONE (14 EB[|X ] )e < ONE (14 E[Jx ] )"
T7€[0,T
and this proves the theorem. -

For the sake of completeness we also mention the numerically weak convergence rate for the
Euler-Maruyama scheme.

Remark 3.4.4 (Numerically Weak Convergence Rate for the Euler-Maruyama Scheme). Under
additional assumptions on X, ¢, o and p there exists a real number C' € (0,00) such that for
every N € N it holds that

el [ELe (53] - Ele(5)]| <

(cf. Kloeden [5]], Theorem 14.5.1]).

(3.97)

=ie

Instead of the data Z = (X,Y) = (X, cp(S%()) we now consider the Learning Problem w.r.t. the
approximated data ZV = (X, YV) = (X, gp(S%’X)) for sufficient large N. With Theorem m

we can estimate the error we make by using the approximated data.

Proposition 3.4.5 (Approximated Learning Problem for the Kolmogorov PDE). Let f €
€12([0,T] x R4 R) be an at most polynomially growing solution to the Kolmogorov equation
and let X: Q — [a,b]? be a (continuously) uniformly distributed Go-measurable random vector,
which is independent of o(By,t € [0,T]). For every N € N let S¥X: {0,1,...,N} x Q — R?
be the Euler-Maruyama approximation for the SDE with step size %, define the data of

the (with step size %) approximated Learning Problem for the Kolmogorov equation by
ZN = (X, M) = (X, 0(SyY)) (3.98)

and denote by FN the regression function w.r.t. to (X, yN). Then there exists a real number
C € (0,00) such that for every N € N it holds that

(i) FN(x) = E[@(Sﬁx)} for a.e. x € [a,b]?,
(“) Supxe[a,b]d ‘E[SO(S]J\\;J)] - f(T’ .’L’)‘ S \/LN and

(iii) the function [a,b]? > x — E[p(Sy™)] € R is the unique minimizer of

min F [|F(X) — p(8NX) |2] . (3.99)

Fe?(jab)d R
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Proof. Note that Lemma implies by the same argument as in equation (3.52) & (3.53))
that for every p € [2,00) it holds that

M - E[ SMX ”F . 3.100
sup [V gy = sup El[o(Sy )| < oo (3-100)

This shows that for every N € N the output variable YV has finite variance and therefore the

regression function FN is well-defined. Now we will prove the representation of the regression
function in item [(i)] For every = € [a,b]? let

(P2 eqonny s 101,00 n} X ¢(0,T],RY) - R NN, (3.101)
be the mappings, which satisfy for every N € N, n € {0,1,...,N — 1}, u € €([0,T], R?) that

U (u) = 2 and

W () = O () + (0N () & 4+ o (U () (w(P5E) — u () (3.102)
Observe that for every N € N it holds that
(i) wy*(B) = Sy™,
(i) TN (B) =Sy~ and
(iii) for every u € €([0,T],R%) the mapping [a,b]? 3 z — ¥N*(u) € R? is continuous.

Furthermore note the fact that the Borel o-algebra on €'([0,T], R?) is generated by the evalu-
ation functionals
€([0,T],R?) 3 u > eval,(u) = u(t) € R? (3.103)

for every t € [0, 77, i.e.
B(¢([0,T],R?%) = a(eval;, t € [0,T]) (3.104)

(cf. Aliprantis [2, Lemma 4.53]). This assures that for every N € N, z € [a, b]¢ the mapping
€([0,T],R?Y) 3 u s UN*(u) € R? (3.105)

is B(¢([0,T],R?))/B(R?)-measurable. Thus for every N € N Lemma [2.3.9) (with ®*(u) =
@(\If%x(u)) for every = € [a,b]¢ and u € €([0,T],R?)) and Theorem yields that it holds
that

FN(z) = E[YV|X = 2] =E[p(Sy")|X =2] =E[p(Sy)] (3.106)

for a.e. z € [a, b]?. Observe that similar to equation (3.100])) we can also deduce the fact that

1

sup sup ]E“(p(Sﬁ’x”pF < 00. (3.107)
MeN zela,b)d

The continuity claim in item above and the continuity of ¢ imply that for all N € N, w € )
the function [a,b]? > z — ¢(Sy™*(w)) € R is continuous. In view of the uniform integrability
convergence theorem (cf. Athreya [5, Theorem 2.5.10]) and this demonstrates that for
every N € N the mapping

[a,b]Y 5 z = E[p(Sy*)] € R (3.108)

is the unique continuous version of the regression function FN and therefore proves item |(iii)|
For the proof of item let S%: [0,7] x Q@ — R a be solution process to the SDE ({3.48))
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for every z € [a,b]?. Then the Feynman-Kac formula establishes that f(T,z) = E[p(SF)] for
every x € R? and we observe that

sup [Blp(Sy")] = f(T2)] = swp [Blo(Sy")] = E[w(57)]]

z€[a,b]d x€[a,b]?

<T(sup sup VAT [E[p(SY >—¢(S%>}I>-

MeN zela,b)?

(3.109)

Next the fundamental theorem of calculus, the Cauchy-Schwarz inequality (cf., for instance,
Cannarsa [I7, Theorem 7.34 & Proposition 5.3]) and the assumption that ¢ has an at most
polynomially growing gradient yield that there exists a real number ¢ € [1,00) such that
for every u,v € R? it holds that

} {—/<thv+su—v U>Rdd3
< u —vl|ga sup [|[Ve(v + s(u — v))]||ga (3.110)
s€[0,1]

< cllu = vllga (1 + [fullpa + [[v]]a)°

Eventually equation (3.110f), the Cauchy-Schwarz inequality, Lemma & and the
strong convergence rate of the Euler-Maruyama scheme (Theorem [3.4.3|) assure that there
exists a real number C' € (0, 00) such that we can bound the last term in equation (3.109) by

sup sup VM |E[p(Sy) — ¢ (55)]]

MeN zela,b)d
< swp sup VAL CE[|SIF — 57l (14 S5 o + 1195 ])]
MeN zela,b)d

1 e (3.111)
<sup sup VI eE|[8377 — 73] B (1 1S3 o + 55 ]0) ]

MeN zegla,b)d

<c¢Csup sup VM ]E[Hsjj\\jm — S%H;dr < 0.

MeN gela,bld
This proves Proposition |3.4.5 O

Recall that in general we do not know the distribution of the (exact) data Z = (X , 4,0(87)5 ))
of the Learning Problem for the Kolmogorov equation (Proposition and even cannot
compute realizations of the latter. But according to Proposition [3.4.5] for suﬂi(nently large N
the regression function FN wrt. the approximated data ZV = (X <p(S X)) is a sensible
approximation to the solution of the Kolmogorov equation at time 7" and it is straightforward
to obtain realizations of samples drawn from the distribution of ZV.

Example 3.4.6. Let us continue with Example and suppose we do not know the explicit
solution to the stochastic differential equation. Let us partition the time interval [0,T] into
N € N subintervals of equal length, then the Euler-Maruyama approximation of the SDE
with step size % is defined as the stochastic process SNX: {0,1,..., N} x Q — R which satisfies

or everyn € {0,1,...,N — 1} that S = X and
J Y { 0

SNX = SNX 4 ZIGNX | 5GNX (B(MT . B%) . (3.112)
N
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Based on Proposition we can approzimate the data for the Learning Problem by ZVN =
(X, @(Sﬁ’x)). Observe that the increments of the Brownian motion

Bwivr — Bar (3.113)
N N

r

are just centered normally distributed random variables with variance +

independent of
o(B, 0<t <), (3.114)
So in order to obtain a realization of a sample drawn from the distribution of the data ZV we
(i) take a realization of the in [a,b] uniformly distributed random variable X,

(i) iteratively compute the realization of the Euler-Maruyama approximation for every step

n € {0,1,...,N} by using realizations of independent centered normally distributed ran-
dom variables with variance % and

(iii) evaluate p(x) = >°_ c;a? for the realization of the Euler-Maruyama approximation at
the N-th step

(see figure .

-4
0 02 0.4 06 08 T=1 a=—6 -4 -2 0 2 4 b=6

Figure 3.1: In accordance with Example [2.3.10] we choose T' = 1,6 = 0.5,a = —6,b = 6,p =
3,¢c0 =0,c0 = 1.77,¢9 = 0,c3 = —0.015. The plot shows m = 10 realizations of i.i.d. samples
of the Euler-Maruyama approximation for N = 16, i.e. step size %, on the left (the points are
connected by lines for visualization purposes) and corresponding realizations of samples from
the data ZV = (X , @(S]]\\;’X)) on the right (orange). The realizations of the samples from the

true data Z = (X,Y) (green) as well as the regression function (blue) are shown as comparison

(see also Figure [2.1).
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3.5 Multilevel Monte Carlo Simulation

Recall that in Section we motivated to use a Multilevel Learning approach in order to
decrease the computational cost for the simulations. Furthermore Giles [29] originally sug-
gested Multilevel Monte Carlo path simulations for estimating an expected value arising from
a stochastic differential equation. Therefore analogously to Section we propose to use Mul-
tilevel Euler-Maruyama simulations based on L € N levels with an increasing number of steps.
For every | € Ny we denote by NV; the number of steps in the [-th level.

Proposition 3.5.1 (Multilevel Learning Problem for the Kolmogorov PDE). Let f € €2([0,T]
x R4 R) be an at most polynomially growing solution to the Kolmogorov equation and let
X:Q — [a,b]? be a (continuously) uniformly distributed Gy-measurable random vector, which
is independent of o(By,t € [0,T]). For every |l € Ny let SN :{0,1,...,N;} x Q — R? be the
Fuler-Maruyama approzimation for the SDE with step size %, define the 0-th level data

3= 2% = (X, %) = (X, 0(50)) .15
and the l-th level data
3 = (X% = YY) = (X, p(SN) - p(SN)) 110
and denote by § the regression function w.r.t. the data 3'. Then it holds that
(i) §°(x) = E[p(Sx")] for a.e. x € [a,b]? and

(it) the function [a,b]" 3 z — Efp (Sﬁg””)] € R is the unique minimizer of

Fe%r(r[l;%d’R)E[’F(X) —o(Sy? )} ] (3.117)

and for every | € N it holds that
(iii) §(x) = ]E[gp(S]]\\,fl“x) — 90(811\\2:11’93)} for a.e. x € [a,b]? and

(iv) the function [a,b]? 3z — Efp (S]]\\,fllz) — 80(8]1\\[21__11,&:)} € R is the unique minimizer of

min E
Fe%([a,b)4,R)

F(X0) = (w(S8) = e(se) ‘2] . (3.118)

For every L € N define the data of the Multilevel Learning Problem for the Kolmogorov equation
(with L levels) by

L
(Sl)l:o : (3.119)
Then there ezists a real number C' € (0,00) such that for all L € N it holds that

C
sup <

z€[a,b]?

(3.120)

=1

(E [o(53)] + 3 Efp(s)) - w(SJ%:@)}) )
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Proof. The statements of this Proposition are just a combination of Propositions[2.4.2]and [3.4.5]
First observe that items|(i) & follow directly from the corresponding statements in Proposi-
tion |3.4.5, Next for every [ € N the output data YN — YN-1 = ga(S]]\\,fl“X) — @(S]Z\Zl__ll’x) suffices

analogous moment bounds as the output data YV = @(S]]\\,CZ’X) (see (3.100])). The linearity of
the expectation guarantees that we can mimic the proof of Proposition [3.4.5|in order to prove

items & and also the claim in as for every L € N it holds that
L
(Bl + S le(s) - el ]) - s

sup
x€[a,b]? =1 (3121)
= sup |E[gp(8§fm)} — f(T, a:)|
z€la,b]d
This concludes the proof of Proposition [3.5.1 n

In other words the previous proposition states that the regression function FNe wrt. to the
data (X,gp(Sﬁf’X)) satisfies

@) =3 §w) (3.122)

for a.e. € [a,b]?. Tt enables us to use the sum of the (unique) continuous versions of the re-

gression functions ZZL:() @l(x) w.r.t. to the Multilevel data (SZ)ZL:() as a suitable approximation
to the solution of the Kolmogorov equation f(7T',z) at time T for all z € [a,b]¢ and hence this
Multilevel Learning approach presents a new alternative to the standard approach of Proposi-

tion [3.4.5] In accordance with the definition before Proposition let us define samples for
the empirical (Multilevel) Learning Problem.

Definition 3.5.2 (Samples of the Multilevel Learning Problem for the Kolmogorov PDE). Let
L €N, mg,my,...,mp € N, let BY:[0,T] x Q — R¢, 1,i € Ny, be independent standard
(2, G, P, (Gt)ieo.r))-Brownian motions with B = B, let X;;: Q — [a,b]%, I,i € Ny, be in-
dependent (continuously) uniformly distributed Go-measurable random vectors with Xoo = X,
which are independent of O’(Bé’i,t € [0,7],1,i € No), and for every l,i € Ng, N € N et
SN 10,1,..., N} x Q — R? be the Buler-Maruyama approzimation for the SDE

t t
Sh = X, + / (S ds + / o(SL") dBY. (3.123)
0 0
with step size % Then we define the Multilevel samples (Zl)lL:o for L levels with mg samples
on level zero, my samples on level one, ..., mr samples on level L by
mo . mo
Z, = ((Xo,i,y£9)> = ((Xo,i,so(SjVVg’D”)D . (3.124)
and N iy N i\
- Nyl —1,l%
Z, = <(Xl7i7y11>£z — W 1))i:1 = <(Xl,l-,g0(SN;’ ") —o(Sy-) )))i:1 (3.125)

forl € {1,2,...,L}. Let S be a valid hypothesis space, then for every I € {0,1,..., L} we
denote by §z, the empirical target function w.r.t. to the samples Z;.

Note that for the standard approach according to Proposition |3.4.5| we obtain m € N i.i.d.
samples with precision level [ € N, i.e. step size %, by defining

m

z = ((%.9) " = ((Xowe(s¥™)) . (3.126)
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Let us review the special case that the precision levels are chosen such that Ny € N and for
every [ € N it holds that
Nl = SNI,1 (3127)

with s € N\ {1}. Then for every | € N we can use the realizations of the Brownian motion
increments, i.e. the realizations of the normally distributed random vectors, for the simulation
of S]]\\,];’X to also calculate a (one level lower) simulation of SNl “X This is done by adding s

successive increments due to the fact that for all n € {0, 1,.. Nl 1} it holds that
B n - B n - <B sn+1 - B sn+i— > . 3128
g~ B, = 2 (Bngor — B 8.9

This shows that in this case the computational cost of simulating a Multilevel sample
(Xei VI = Y5) (3.129)

(see ) is comparable to the cost of simulating a standard sample (Xi, )/Z-N l) (see ([3.126))).
Passing to the empirical Multilevel Learning Problem we now show that assumptions from
Chapter can be satisfied and in view of Proposition [2.4.3| investigate possible advantages
of the Multilevel Learning approach. A calculation similar to the one in (3.111]) assures that
there exists a real number C' € (0, 00) such that for every [ € Ny it holds that

C
VN
Furthermore for simulating a realization of Y™ using the Euler-Maruyama scheme we need
one realization of a uniformly distributed random vector, dN; random normal realizations for
the Brownian motion increments, in summary 2/N; + 1 function evaluations of ¢, o and p and

N(2d +2) + 2 additional floating point operations. Thus there exists a real number C' € (0, 00)
such that the expected computational cost satisfies for every [ € N that

HY Y Hm(zp Ilga) “SD(SX (S]]\\,Z“X) ﬂ : < (3.130)

E[CN] =CN;,. (3.131)
We conclude that assumptions in Section are satisfied with
1
a=g, v=1. (3.132)

Therefore at least in the extreme case a = b Proposition suggests that there exists L € N
and mg,my,...,mz € N such that by defining the corresponding Multilevel samples (Z;)%,
and the corresponding empirical target functions §z, we obtain a mean squared error

2

X)| | =0() (3.133)

with an expected overall computational cost for the simulations of
E[C] = O(e*(loge)?) (3.134)

for e tending to zero. This is opposed to the standard approach which by defining suitable
l,m € N, samples Z = ((Xi,yiNl)):il and the corresponding empirical target function ]—"év !
obtains a mean squared error

E [|J3"§l (X) - f(T,X)|2] — 0(2) (3.135)
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with an expected overall computational cost for the simulations of
E[C] = O(s™*) (3.136)

for £ tending to zero (see equation (2.98)). Under additional assumptions one could employ
the result on the weak convergence rate of the Euler-Maruyama scheme (Remark [3.4.4)), but
one still faces a computational cost of E[C] = O(e™?) (cf. Giles [29], Hutzenthaler [44] and the

references mentioned therein). In view of (3.134)), (3.136|) and Proposition we propose to
take the sum of the empirical target functions w.r.t. the Multilevel samples as approximation

of f(T,x), ie.
L
> Fz.(z) = f(T,2) (3.137)
=0

for every x € [a, b]%.

Example 3.5.3. We will further investigate our previous example in the Multilevel setting. Let
L = 3 and we define

N, =2 (3.138)
for1 €{0,1,2,3}. Then forl > 0 the Multilevel data takes the form
l -1
3l = (Xu 90(8221 7X) - 90(8221717)()) (3'139)
and when computing a simulation of the coarse Euler-Maruyama approximation 822;:11 ~ we use

the same Brownian motion trajectory as for the simulation of the fine scheme S;;’X (see ([3.128))
and Figure .

-3.00
-3.25

-3.50

Figure 3.2: The plot shows the fine Euler-Maruyama approximation (bright orange) and the
corresponding coarse one (orange) for the Multilevel data 3 = (X , <p(888’X) — w(Sf’X)). The
true trajectory of the solution to the stochastic differential equation is shown in red as a
comparison.
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Let us take the hypothesis space H = Pg(|a,b],R) (see Example and choose
my = 100 - 237! (3.140)

forl € {0,1,2,3}. We perform 50 independent trials and each time simulate realizations of
the Multzlevel samples (z;)L 0 and compute the corresponding empirical target functions %’z”
I € {0,1,2,3}. In view of (3.133)) and Proposition we sum the latter to compute an

approximation
L
Y Sule) ~ f(T,2) (3.141)
1=0

to the solution to the Kolmogorov equation at time T for x € [a,b]?. As a comparison for
each trial we also follow the standard approach due to Proposition|3.4.5 and (3.135)) with N =
2L = 8 and m = 400 realizations of samples z. This corresponds to the same precision of the
regression functions and the same number of random normal calls for both approaches (see also
the introduction o C’hapter@ Denote the empirical target functions of the standard approach
by .7-"8 Figure zllustmtes that for this comparable computatzonal cost of the simulations the
mean squared error over the trials is significantly smaller for Zz - Szl than for fS
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Figure 3.3: The first four plots show the empirical target functions w.r.t. to the realizations of
each of the Multilevel samples (z;)?_, for 50 | independent trials (orange). The plot on the bottom

left and right shows for each trial Zz OSZL and ]:ZS respectively (green) and the regression
function is shown as comparison (blue). Note that by using the same number of random
normal calls the mean squared error over all trials equals 0.94 for the Multilevel case opposed

to 5.24 in the standard approach.
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Chapter 4

Neural Networks as Hypothesis Space

The following chapter offers a short overview of neural networks and their approximation prop-
erties. Especially when dealing with high-dimensional input data, that is large d € N in the
setting of the last chapters, we suggest a class of neural networks as a suitable hypothesis space
¢ for our Learning Problem. Thereupon the chapter summarizes the Learning Problem for
the Kolmogorov equation and explains the optimization algorithm for approximately solving
the empirical Learning Problem in the hypothesis space of neural networks.

4.1 Definition

In this section we want to introduce the notion of artificial feed-forward neural networks (also
known as multilayer perceptrons). The definition is based on a very simplified mathematical
model of the neural structure in a human brain and follows standard literature (cf., for instance,
Bishop [11] & [12, Chapter 5|, Goodfellow [33], Haykin [38] and Caterini [I8]). For every
M, N € N let us denote by 7 (R, R") the space of affine linear mappings from R to R¥.

Definition 4.1.1 ((Deep) Artificial Feed-Forward Neural Network). Let d,n,s € N and let
Mo, My, ..., Mgy, € N with My =d and Mg,y =n. Let a: R — R be a function and for every
i€ {0,1,...,s} let W; € RMixtxMi . ¢ RMivr gnd denote by A; € o (RM: RMi+1) the affine
linear mapping given by

Ai(x) = Wix + b; (4.1)

for every x € RMi. We define the function F : RY — R™ by
F(x) = (Asoao0 A, joaoAg g0---0ao Ay)(x) (4.2)

for every x € R®, where the function o is applied component-wise. We call F an (artificial
feed-forward) neural network with activation function o, d units in the input layer, n units
in the output layer, and M;, i € {1,2,...,s}, units in each of the s hidden layers and refer
to s,d, My, ..., My,n and the function o as the network architecture. We call W; the weight
matrix and b; the biases in the i-th layer and refer to the collection of weight matrices and biases
0= ((I/I/i7bi));0 as the parameters of the network. We say that a neural network is deep, if
s> 2.

Note that the parameters of a neural network can be represented as a vector in R” with

s s—1
=0 =1
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and we will often explicitly stress the dependence of IF on 6 by writing IFy. The architecture of
the network can be depicted as a directed acyclic graph like in Figure 4.1,

hidden layers

output layer

input layer

Figure 4.1: Graph of a deep neural network with s = 2, d =6, M; =4, My = 3, n = 1, from
Nielsen [62]

4.2 Properties

A neural network with continuous non-polynomial activation function can approximate all
continuous functions on a compact subset of R? arbitrary well with respect to the uniform
norm provided that enough hidden units are available. This is a special case of the following
more general theorem on the approximation capabilities of neural networks.

Theorem 4.2.1 (Universal Approximation Theorem). Let d € N, let a: R — R be a locally
bounded activation function and assume that the closure of the points of discontinuity of a is a
Lebesque null set, let

M) = {A1 oaody: MeN Ay e o/ (R, RY) A € JZ/(RM,R)} (4.4)

be the set of all neural networks with activation function «, d input units, one hidden layer
(with an arbitrary number of hidden units) and one output unit. Then

(i) for every compact subset D C RY, every e > 0 and every F' € €(R%R) there exists
F € Maa) such that it holds that

sup |F(z) —F(z)| <e (4.5)

zeD

(ii) for every absolutely continuous (w.r.t. Lebesque measure), compactly supported probability
measure P on R?, every e > 0, every 1 < p < oo, and every F € LP(P;|-|) there exists
F € AMaa) such that it holds that

1F(z) = F(@)l|opy) <€ (4.6)
if and only if « is not an algebraic polynomial.
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Proof. Leshno [57] and also many other sources with slightly different assumptions and state-
ments, cf. Hornik [43], Cybenko [22], Scarselli [74] and Pinkus [65] for a survey. O

Observe that the theorem holds also for neural networks with an arbitrary number of hidden
layers and output units as we can represent each output unit separately and approximate the
identity in the other layers.

4.3 Proposed Algorithm

Based on this optimal approximation qualities (cf. also Boleskei [14]), we suggest the set of
neural networks with fixed architecture as an appropriate hypothesis space for our Learning
Problem. However this is not a compact subspace of the space of bounded measurable functions,
i.e. the conditions of a hypothesis space are not satisfied. We circumvent this by assuming that
the activation function is continuous, the parameters of our network are bounded by a constant
R and that the network is evaluated only on a compact subset D.

Definition 4.3.1 (Hypothesis Space of Neural Networks). Let s € N, d, My, ..., My, n € N,
R € (0,00), let D C R compact, let a € €(R,R) non-polynomial and define v € N by
equation . Let Fy: RT — R, § € RY, be neural networks depending on the parameters 0
with activation function o and M;, i € {1,2,...,s}, units in each of the s hidden layers. Then
we define the hypothesis space of neural networks with the given architecture as

N = N a My Ms,....Myn,D,Riac = {Felp :|0]lrr < R} co%act%(D’Rn)' (4.7)
Although Theorem shows that even neural networks with only one hidden layer can
approximate every continuous function arbitrary well (given enough hidden units), recent prac-
tical applications show more success by employing deep neural networks for high-dimensional
input data (cf., for instance, Hinton [41] and Krizhevsky [55]) and there is also mathematical
evidence for this phenomenon (cf. Yarotsky [79] and Petersen [64]). Let us summarize our
Learning Problem in the given context:

(i) We want to compute the solution f(7,z) of the Kolmogorov type partial differential

equation
{%(t, T) = %TraceRd (a(x)[a(g;)]*(Hessx N, x)) + <,u(ac), (V. )¢, x)>Rd (48)
f(0,z) = ¢(z) '

at time T for x € [a, b]?.

(ii) Assuming enough smoothness of f, ¢, 1 and o this is equivalent to computing the expected
value E[¢(S7)], where S7. is the solution to the SDE

t t
Sy =x+ / 1(S?) ds +/ o (SY) dW. (4.9)
0 0

at time 7' with initial value x € [a, b]?.

(iii) This is equivalent to finding the (continuous version of the) regression function F w.r.t.
the data Z = (X, ¢(57)) with X uniformly distributed in [a, b]?, i.e. finding the unique
minimizer of

min )]E[]F(X) — o(SX) \2] (4.10)

Fe?(jab)d R
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(iv)

(vi)

As we lack knowledge of the solution to the stochastic differential equation, we approx-
imate S by S]]VV’X using the Euler-Maruyama scheme with sufficient large N and con-

sider the (continuous version of the) regression function FV w.r.t. the approximated data
ZN = (X cp(SNX)), i.e. the unique minimizer of

. N, X\ |2
FE(KI(r[lc},lbl]d,R)E“F(X) —o(Sv7)| ] (4.11)

As we have only access to a finite number of samples from the data ZV, we consider a
Monte Carlo approximation of the expected value in equation (4.11)) and we minimize
in the hypothesis space of deep neural networks J = A" = A, g vy Ms,... My D Ra With
n=1,5>2and D = [a,b]?. To decrease the computational cost of the simulations we
mimic the idea of Multilevel Monte Carlo approximation with L € N levels of precision
No, Ni,...,Nyp. For each level [ € {0,1,..., L} we take m; € N samples

mo

Zo = ((Xo@,w(SNOOZ))>i:17 =0 (4.12)

Nl Ni_q,li my
Z = (X (SYY) —o(SH )" =122
(see Definition ) and seek to find the empirical target function @Zl w.r.t. Z;, i.e. a

minimizer of

1

.12
pin o3 [P(%) — p(s) =0

(4.13)

. 2
%%EZ‘F (%3) = (2 (SN™) = w(Sw ™)) [ 1=1.2 L.

Proposition [2.3.7], Proposition [3.5.1, Proposition [3.4.5( and Proposition |3.3.1]| suggest that
by controlling the approximation, model and sample errors we obtain that for a.e. z €
[a, b]¢ it holds that

D Fulx) = Flx)=FV(x) ~ F(z) = f(T,x). (4.14)

=0

Minimizing the empirical error over F' € A4 (for a given outcome w € ) is equivalent
to finding optimal parameters 6 R (i.e. weights and biases) for a deep neural network
with a given architecture. For each | € {0,1,...,L} let F}: [a,b]? — R, 6 € R”, be
neural networks depending on the parameters 6 with activation function o and M;, i €
{1,2,..., s}, units in each of the s hidden layers. Then due to equation (4.13 ([.13) for every
l € {0, 17 ..., L} we seek 6, € R” as minimizer of

8 (Xoi(w)) — o(Sye (W) | =0

’2

min
6llzv <R My Py

min
6l <R 170 <=

b (X1(@) — (p(SN4 @) — o (SN @) [ 1=12.L.
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The next section presents a method to approximately solve the latter minimization prob-
lems, i.e. to find 6, ~ 0, € R”, and under appropriate hypothesis we can think of

la, b 3z Y Fj(z) €R (4.16)

as a suitable approximation of the function

[a,0]Y >z +— f(T,z) € R. (4.17)

There are also some modifications, extensions and comments to the above summary. First
by starting in item [(ii)} one can also use the algorithm to compute E[p(S5)] (without the
connection to the Kolmogorov equation), i.e. to solve certain problems involving the solu-
tions of stochastic differential equations. Secondly, one can invoke other methods than the
Euler-Maruyama scheme to approximate the solution of a stochastic differential equation (cf.
Kloeden [54]). Lastly we could also allow for a different neural network architectures in each
level.

4.4 Optimization

For the convenience of the reader let us generalize the optimization problems in . Through-
out this chapter let d,m,n,s € N, r € Ng, My, My,..., M, € N, R € (0,00), D C R? compact,
a € €"(R,R) non-polynomial and define v by equation (£.3). Let Fg: D — R", § € R”, be neu-
ral networks depending on the parameters 6 with activation function «w and M;, i € {1,2,..., s},
units in each of the s hidden layers and let

z = ((xz,yz))zl € (DxR")™ (4.18)

denote m realizations of samples, then each of the optimization problems in (4.15)) is of the
following form (with n =1, D = [a,b]? and loss functions £,(g) = ‘gj — y|2 for every g,y € R).

Definition 4.4.1 (General Optimization Problem for Neural Networks). For every y € R™ let
L, € ¢ (R",[0,00)) (4.19)
and for every i € {1,2,...,m} define the functions h;: R — R and H: R — R by
hi(0) = Ly, (Fo(;)) (4.20)
and

H(O) = %ihiw) (4.21)

for every 8 € R”. The general optimization problem for the neural networks 'y, 8 € R”, with
loss functions L,, y € R", and samples z asks for parameters 6 € R minimizing

m

min H() = min %Zhi(e): min_ 3£, (Fo(z:)) - (4.22)

0ller <R 0llrr <R 0llr <R 170 <—
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Recall that a (not necessary unique) minimizer 0 of exists due to the fact that we chose the
hypothesis space of neural networks .4 as a compact subspace of (D, R") (see Deﬁnition
which in this case corresponds to the fact that we are minimizing a continuous function over
a compact domain. Furthermore the assumptions on a and £,, y € R", imply that also the
objective function H is r-times continuously differentiable. The General Optimization problem
can be classified as a bound constrained nonlinear optimization problem which is thoroughly
analyzed in the standard literature, for example Ruszczyniski [73], Bertsekas [8] and Griva [35].
Let us present the plain vanilla version of an iterative algorithm for approximately solving ,
the so-called gradient descent algorithm (also known as steepest descent algorithm). Let us
assume that R is sufficiently large and that we can ignore this bound constraint. As motivation
recall that for H € ¢ (R”,R) the (instantaneous) rate of change at # € R” per unit of distance
moved in the direction given by v € R”, i.e. the directional derivative, equals
H(0+ hv) — H(0) 1

lim _ VH(O),0)., . 4.23
ol ol (VHO): 0 (4.23)

Due to the Cauchy-Schwarz inequality the direction of (instananeous) steepest descent is there-
fore —yV H(#) for some v € (0, 0).

Definition 4.4.2 (Gradient Descent Algorithm). Let v € (0,00), ) € R, let H € €*(R",R),
and let %) € R, k € N, be a sequence such that for every k € N it holds that

o*) = gD — v (9D (4.24)

Then we call 0%, k € Ny, a gradient descent sequence for H with initial value 0 and step
size 7.

Note that in the context of neural networks the step size is often also referred to as learning
rate. Under sufficient conditions on the function H the gradient descent algorithm converges
at least to a critical point.

Theorem 4.4.3 (Convergence of the Gradient Descent Algorithm). Assume that H € €' (R”,R)
is bounded from below and that its gradient is Lipschitz continuous with constant K € (0,00),
i.e. for every u,v € R it holds that

|IVH(u) — VH)|rr < Klju—v|g. (4.25)

For every step size
v€(0,%) (4.26)

and every initial value 0©) € R it holds that the corresponding gradient descent sequence %),
k € Ny, satisfies that
lim VH (™) =0 (4.27)

k—o00

Proof. Ruszczynski [73, Theorem 5.1]. O

Note that the objective function H in the general optimization problem for neural networks
(Definition is bounded from below by definition of the loss functions. Under additional
assumptions one can show that the gradient descent sequence converges linearly to a minimizer,
but there are examples with arbitrary slow rate of convergence (cf. Ruszczynski [73, Section
5.3]). One typical problem is the so-called zig-zagging in narrow curved valleys of the objective
function which is illustrated in Figure 4.2
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Figure 4.2: The plot shows level lines of the function R? 3 (0y,6,) — H(61,602) = 07+10-605 € R
(blue) and the first 13 steps of the gradient descent sequence for H with initial value () = (5, 2)
and step size v = 0.009 (green). One can observe that the descent direction is perpendicular
to the level lines. On the given domain one could choose the Lipschitz constant K = 102 and
Theorem [4.4.3] guarantees convergence to the unique minimizer (0,0). But due to the narrow
valley of the objective function, the gradient descent sequence proceeds in a zig-zagging manner
and accordingly the convergence is very slow.

Before we go on to more advanced versions let us review the gradient descent algorithm in our
neural network setting. In order to compute the gradient of

1
H=_ h; 4.28
— ; (4.28)
we need to calculate the gradient of
hi(0) = Ly, (Fo(;)) (4.29)

w.r.t. 0 € R for every i € {1,2,...,m}. Intuitively for every j € {0,1,...,v}, i€ {1,2,...,m}
the j-th coordinate of the gradient (Vhi)j € R measures the (instantaneous) rate of change
of the loss at sample (x;,1;) per unit change of the parameter #;. The computation of the
gradients w.r.t. the parameters 6 (i.e. the biases and weight matrices) can be done computa-
tionally efficient with the so-called backpropagation algorithm (cf. Bishop [12) Section 5.3] and
Caterini [I8] Section 3.2.3 & 4.1.2]). The latter makes use of the chain rule and the directed
acyclic graph structure of the neural network to obtain the gradient of h; at a cost of O(v)
floating point operations for v tending to infinity, i.e. it scales like the cost of a single evaluation
of h; at given parameters. In each step of the gradient descent algorithm one needs to calculate
m gradients Vh;, ¢ € {0,1,...,m}, and therefore the total complexity of one gradient descent
step is equal to O(mv) for m and v tending to infinity. In practice one usually needs a lot
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of samples (in order to obtain a small sample error, see the discussion after Proposition m
and Theorem and it would be desirable to have an algorithm with a computational cost
which is not scaling with the number of samples m. As a motivation we note that the gradient
descent algorithm often redundantly recomputes gradients for similar samples in one step. This
leads to the definition of the mini-batch stochastic gradient descent algorithm, where in each
step we take into account only m € N samples uniformly chosen from all m samples at random.
In doing so we obtain an unbiased estimator of the gradient of H.

Definition 4.4.4 ((Mini-Batch) Stochastic Gradient Descent Algorithm). Let m,m € N with
m < m, lety € (0,00), 8 € R and for every i € {1,2,...,m} let h; € €*(R",R) and define

1m
H=—) hc?¢R"R 4.30
> (R, ) (4.30)
and i
Z = {(ir,iz,...,im) ENT:1 <y <ig < -+ <ip <m}, (4.31)
let
L““):(Li’“),Lg’“),...,L%“)):QﬁI, keN, (4.32)

be independent uniformly distributed random vectors and let %) : Q@ — RY, k € N, be a sequence
of random vectors such that for every k € N it holds that

1 m
k) — g—1) _ ~ = h o (0% 4.
i 2 Vi (077) (4.33)

Then we call 8%), k € Ny, a mini-batch stochastic gradient descent sequence for H with initial
value 0| batch-size m and step size v. If m =1 we omit the prefix "mini-batch”.

While the mini-batch stochastic gradient descent algorithm has decreased computational cost,
the variance in the gradient estimates causes the gradient sequence to fluctuate heavily, which
complicates the convergence to an exact minimizer (see Figure . Nevertheless one can also
proof convergence under suitable conditions (cf. Bertsekas [9], Jentzen [47] and Shamir [76])
and these fluctuations can in some cases also prevent the algorithm from being stuck in unsatis-
factory local minima. There are a lot of further optimization strategies, for instance introducing
momentum, adaptive learning rates, early stopping, batch normalization and gradient noise and
clipping. A good overview of possible variants and improvements of the (mini-batch) stochastic
gradient descent algorithm are given in Ruder [72] and Goodfellow |33 Chapter 8]. Ultimately
note that minimization algorithms that use second order information of the objective func-
tion (e.g. Newton’s method, cf. Griva [35, Section 11.3]) are infeasible for neural networks in
practice due to the large number of parameters.
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Figure 4.3: The figure depicts the typical fluctuations of the (mini-batch) stochastic gradient
descent sequences near the minimizer opposed to the (standard) gradient descent sequence
(blue), which ultimately stops at the minimizer. However each step of the latter takes approxi-
mately m-times the computational effort of a step from the stochastic gradient sequence (from

Géron [28]).
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Chapter 5

Numerical Results

For the following examples we slightly extend the framework in Section [4.4] and Section [4.3]in
order to meet latest developments in the field of Deep Learning. In view of the optimization
methods this includes the use of

(i) ADAM (adaptive moment estimation) optimizer with initial learning rate v and batch-size
m (cf. Kingma [50])

(ii) Batch Normalization with momentum A (cf. Toffe [45]) and
(iii) gradient clipping with threshold 7 (cf. Goodfellow [33, Subsection 8.2.4])

for m € N and ~, A\, 7 € (0,00). Note that in practice we do not choose the sample size m € N
in advance since in each optimization step we only simulate the needed samples according to
the batch-size m. When we eventually obtain the desired accuracy and stop the algorithm at
the k-th optimization step, this would correspond to a sample size of

m=k-m. (5.1)

Furthermore we choose the samples of the uniformly distributed input variable X in the larger
interval [a — A, b+ A]¢ with A € (0,00) for a better performance at the boundary. Recent
research suggests to make use of the exponential linear unit activation function ELU: R — R
which is defined by

x, x>0

5.2
e’ —1, z <0 (52)

ELU(z) = {
(cf. Clevert [19] and also Klambauer [51] for the scaled exponential linear unit activation func-
tion). For a neural network we denote by 6(®) the initial parameters and by %) the parameters
of the network after the k-th optimization step. Note that for the weights of the neural networks
we use initial parameters which prevent variance scaling between the layers (cf. He [39] and
Géron [28, Chapter 11]). We will neglect the bound on the parameters of the neural networks
R € (0,00) as the representation of numbers is limited in an implementation anyway. In the
Multilevel Learning approach let us take L = 2,

N, = 43 (5.3)
time steps of the Euler-Maruyama scheme and batch size

my = 256 - 4% (5.4)
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in order to simulate the data for the empirical Learning Problems for each level [ € {0,1,2}.

The corresponding realizations of Multilevel samples we denote by (zl)lzz0 (see (3.125)). In the
standard approach we choose
N =N, =4 (5.5)

time steps, which results in the same precision for the regression functions FNu = Zleo § (see
equation ((3.122))), and the associated realizations of samples z (see (3.126])). Further we take a
batch-size of

m = 256 - 3 (5.6)

corresponding to the same overall number of random normal calls in each descent step, namely
L

dY N, = d(L+1) - 256 - 4° = dmN . (5.7)

1=0
To evaluate the performance of our algorithm we selectively compute

(i) the mean squared relative and absolute error (MSRE and MSE)

(i) the relative Ll-error (by Monte-Carlo integration)

between the real solution f(T,z) = E[p(X#)] (or a suitable approximation) and the neural
network approximations to the empirical target functions (after the k-th optimization step)

{212—0 F! . (2), for Multilevel Learning (5.8)

Fom (), for Standard Learning

at uniformly distributed points in the interval [a, b]¢. The implementation (see Appendix [.1)) is
written in the programming language Python using the open-source software library TensorFlow
(cf. Abardi [1]) and executed on a p3.2xlarge Elastic Compute Cloud (EC2) instance hosted by
Amazon Web Services (AWS).

5.1 Toy Example

Initially we will deal with our known Example |3.3.2| in the context of the proposed algorithm
from Section[4.3] Of course for one dimensional problems like this there are much more efficient
algorithms (and even explicit solutions), but we stick to this example for a complete picture,
for explanatory purposes and as an indication of the behavior in more complex settings. Let
d=1peN a,0,cp,...,cp, T € R, b€ [a,00), let ¢: R — R be the polynomial given by

o(r) = ?:o c;z? for every z € R and recall that we seek to approximate the solution to the
Kolmogorov equation
d _ 02 d
a—{(t, T) = %02 (an—x’;(tw) + xa—ﬁ(t,x)) (5.9)
f(0,2) = o(z)

at time T for x € [a,b]. Like before we choose
T=1,6=05a=—6b=6p=3c=0c =177, ¢=0,c5 = —0015.  (5.10)
Let

0
" € A51512,512,1024,512,512,1,[a,b],R,ELU (5.11)

1 2
S € A5,1,128,128,256,128,128,1,a,b], R, ELU
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and for each neural network F!, [ € {0, 1,2}, we employ our optimization algorithm with

y=10% X=09,7=03 A=0.2. (5.12)
In doing so we obtain a sequence of parameters
o, keN, (5.13)
which suggests
Z 1F6<k) ) (5.14)

for x € [a,b] and large enough k € N. As a comparison we follow the standard approach with

' € 51 512,512,1024,512,512,1,[a,], R, ELU (5.15)

and in the same setting as in equation (5.12)) above we get a sequence of parameters %), k € N,
suggesting
Fow (z) = f(T',z)

for z € [a,b] and large enough k € N. Using the code in Appendix |.1| the mean squared error
between the neural network approximations w.r.t. the optimization time is depicted in Figure
and selected other errors can be compared in Table[5.1} Although our Multilevel approach takes
more time for each descent step due to the increased cost of optimizing three neural networks
simultaneously, at some stage it converges significantly faster and with less variance than the
standard approach in this setting. This strengthens our conjecture of using the former approach,
which seems to act like a regularizer on the learning process (cf. Goodfellow [33, Chapter 7]
and Géron [28, Chapter 11] for commonly used regularization techniques).

(5.16)

Multilevel approach
MSE ‘ rel. L1 Error

| Standard approach ‘
MSE ‘ rel. L1 Error ‘ Time ‘

Tter. ‘ Time ‘

0 0.0 | 12.874+/-2.902 | 0.9754/-0.066 | 0.0 | 12.508+/-1.717 | 0.972+/-0.105
150 | 9.4 | 0.367+/-0.156 | 0.149+/-0.033 | 17.0 | 0.290+/-0.075 | 0.132+/-0.022
300 | 18.6 | 0.092+/-0.027 | 0.0744/-0.011 | 33.3 | 0.036+/-0.021 | 0.043+/-0.016
450 | 27.8'| 0.0814/-0.048 | 0.068+/-0.032 | 49.7 | 0.015+/-0.003 | 0.0304/-0.005
600 | 37.0| 0.077+/-0.036 | 0.069+/-0.025 | 66.1 | 0.014+/-0.006 | 0.026+/-0.003
750 | 46.2 | 0.050+/-0.018 | 0.055+/-0.019 | 82.4 | 0.008+/-0.004 | 0.019+/-0.003
900 | 55.4 | 0.042+/-0.018 | 0.0484/-0.014 | 98.8 | 0.006+/-0.002 | 0.017+/-0.004
1050 | 64.6 | 0.060+/-0.030 | 0.058+/-0.023
1200 | 73.8 | 0.045+/-0.023 | 0.049+/-0.017
1350 | 82.9 | 0.036+/-0.017 | 0.044+/-0.018
1500 | 92.1 | 0.041+/-0.019 | 0.046+/-0.013

Table 5.1: Table of selected errors for both approaches evaluated at 50 uniformly distributed
points in [—6,6]. The first number represents the mean and the second one the standard
deviation over 5 independent trials.
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Figure 5.1: The plot shows the mean squared error (MSE) between the solution to the Kol-
mogorov PDE f(T,z) and Y7, ]Fla(k)(x) (blue) or Fyw (z) (green) evaluated at 50 uniformly
l

distributed points in [—6, 6] for every fifth & in the first 100 seconds of optimization time.

5.2 Rainbow European Option

Let us investigate the behavior of our algorithm in a higher dimensional setting. There-
upon let d € N, K € (0,00), let i € R4 and ¢ € RY, for every x € [a,b]¢ let S* =
(Ste,...,8%): [0,T] x © — R? be a solution process to the SDE

t d t
Shr — x—i—/ [i;So* ds+2/ 5,50 dBI, i=1,2,....d (5.17)
and define the function ¢: R? — R by
() = max {4_rln2ax ST K, 0} (5.18)
for every x = (11,79, ...,24) € RY. We are interested in approximating the function
[a,b" 32— E[p(57)] €R, (5.19)

which represents a financial model for pricing a Rainbow European Call (on max) option. This
contract gives its owner the right, but not the obligation, to buy the maximal of d underlying
financial assets S® at a specified strike price K and at a given time T (cf. Glasserman [32),
Chapter 3]). We denote by d;; the Kronecker delta and choose

1
4=20,T = 15, a=98b=102, a; = 0.01+0.03 ;. fi; = 0.06, K = 100 (5.20)

fori,5 € {1,2,...,20}. Note that the function ¢ is not differentiable, but we can circumvent this
problem by employing a more general version of the Feynman-Kac formula (see Remark [3.2.2)).
Furthermore we could again sample directly from the explicit solution of the SDE

d d
%x = T; eXp <(,ul - %ZU%)T—i_ ZO'UWIJ“> , 1=12,....d (5.21)

j=1 j=1
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(cf. Platen [66]) instead of using the Euler-Maruyama approximation, but we will only avail
ourself of this opportunity to (approximatively) evaluate the function (5.19) and compute the
errors. For the Multilevel approach we employ neural networks

0
F¥ € A5 ,20,128,1024,8192,1024,128,1,[,5]20, R, ELU

F',F? e N3,20,64,512,64,1,[a,b]20, R ELU (5.22)
and in the standard case we take
F € A5 20,128,1024,8192,1024,128,1,[a,5]20, R,ELU - (5.23)
Moreover applying our optimization algorithm with
y=10"* A=09,7=03 A=02 (5.24)

and using an exponential learning rate decay by the factor 0.1 every 4000 descent steps (see
the second code in Appendix , we compare the MSE (see Figure of the Multilevel and
standard approach and list other errors in Tables [5.2] and [5.3] Furthermore we visualize the
neural network structure in Figure[5.3] Although the Multilevel Learning approach again turns
out to be advantageous in comparison to the standard approach, one must consider that for
a complete picture one would need to compare the best architectures, optimization variants
and batch-sizes for both approaches and take also in account implementation and hardware
differences. While the former problem could be tackled using an exhaustive grid-search (cf.
Géron [28, Chapter 11]) it was infeasible for this thesis. It seems that in certain settings the
usual approach is at least equally successful reminding us that the advantages of the Multilevel
approach can be proved only in an extreme case. Nevertheless the given examples demonstrate
that the Multilevel Learning approach can possibly improve and accelerate the learning pro-
cess significantly and should definitely be given a try, when tackling Learning Problems with
computationally expensive simulations. To sum up, we see that our proposed algorithm from
Section provides a feasible way of solving problems involving high-dimensional stochastic
differential equations (and in an equivalent way high-dimensional Kolmogorov equations) and
seems not to underlie the curse of dimensionality.

Iter. | Time (in's) | MSE | MSRE | rel. L1 Error

0 0.0+/-0.0 | 10.0444/-0.964 | 1.0122+/-0.0931 | 0.988+/-0.046
1000 | 124.5+/-0.3 | 0.0354/-0.004 | 0.0036+/-0.0004 | 0.048-+/-0.004
2000 | 248.74/-0.5 | 0.019+/-0.004 | 0.0020+-/-0.0004 | 0.034+/-0.004
3000 | 372.74/-0.6 | 0.015+/-0.002 | 0.00164-/-0.0002 | 0.032+/-0.003
4000 | 496.9+/-0.8 | 0.012+/-0.002 | 0.0013+/-0.0002 | 0.028+/-0.002
5000 | 621.04-/-0.9 | 0.008+/-0.001 | 0.0008+/-0.0002 | 0.022+/-0.002
6000 | 745.14-/-0.9 | 0.007+/-0.001 | 0.0008+/-0.0001 | 0.022+/-0.002
7000 | 869.24/-1.0 | 0.008+/-0.001 | 0.00094/-0.0002 | 0.023+/-0.002
8000 | 993.24/-1.2 | 0.007+/-0.001 | 0.0008+-/-0.0001 | 0.022+/-0.002

Table 5.2: Table of selected errors for the Multilevel approach evaluated at 100 uniformly
distributed points in [98,102]?°. The first number represents the mean and the second one the

standard deviation over 5 independent trials.

28



Table 5.3: Table of selected errors for the standard approach evaluated at 100 uniformly dis-
tributed points in [98,102]*°. The first number represents the mean and the second one the

Iter. | Time (in's) |

MSE |

MSRE ‘ rel. L1 Error

0 0.04+/-0.0 | 9.570+/-0.369 | 0.9672+/-0.0361 | 0.980+/-0.018
1000 66.14+/-0.2 | 0.083+/-0.018 | 0.0084+/-0.0017 | 0.0734/-0.009
2000 | 132.04/-0.2 | 0.052+/-0.020 | 0.0055+/-0.0019 | 0.057+/-0.009
3000 | 197.94-/-0.2 | 0.050+/-0.019 | 0.00544-/-0.0023 | 0.056+/-0.009
4000 | 263.84+/-0.4 | 0.043+/-0.015 | 0.0045+/-0.0015 | 0.0524/-0.008
5000 | 329.84/-0.4 | 0.014+/-0.004 | 0.0016+/-0.0005 | 0.030+/-0.004
6000 | 395.74/-0.6 | 0.013+/-0.003 | 0.0014+/-0.0004 | 0.029+/-0.003
7000 | 461.74/-0.6 | 0.014+/-0.002 | 0.0016+/-0.0003 | 0.030+/-0.002
8000 | 527.64/-0.7 | 0.011+/-0.002 | 0.00124-/-0.0002 | 0.027+/-0.002
9000 | 593.44/-0.8 | 0.009+/-0.002 | 0.00104-/-0.0002 | 0.025+/-0.002
10000 | 659.4+/-1.0 | 0.0104/-0.002 | 0.0011+/-0.0003 | 0.025+/-0.003
11000 | 725.3+/-1.0 | 0.0104/-0.002 | 0.0010+4/-0.0003 | 0.025+/-0.003
12000 | 791.2+/-1.2 | 0.0104/-0.002 | 0.0011+4/-0.0002 | 0.025+/-0.002
13000 | 857.1+/-1.3 | 0.009+/-0.002 | 0.0010+/-0.0002 | 0.025+/-0.002
14000 | 923.0+/-1.4 | 0.0104/-0.002 | 0.0010+/-0.0003 | 0.025+/-0.003
15000 | 989.0+/-1.5 | 0.0094/-0.002 | 0.0010+/-0.0002 | 0.025+/-0.002

standard deviation over 5 independent trials.
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Figure 5.2: The plot shows the mean squared error between the (Monte Carlo approximated)
solution and 377, ng w0 () (green) or Fyu(x) (blue) evaluated at 100 uniformly distributed
!

points in [98,102]?° for every fiftieth & in the first 1000 seconds of optimization time.
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Figure 5.3: The figure visualizes the neural network structure for the Multilevel Learning
approach and depicts the graph of the neural network in the finest level in more detail (created
with TensorBoard, TensorFlow’s visualization toolkit).
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Chapter 6

Conclusion

This thesis successfully presented and merged three fields of (applied) mathematics, namely
mathematical learning theory, stochastic analysis and foundations on neural networks. The
resulting algorithm in Section depicts a new and mathematically supported method for
solving high-dimensional problems involving Kolmogorov equations and stochastic differential
equations on a given domain. For the traditional numerical methods this usually represents an
infeasible task. While we saw some promising examples of our proposed algorithm in Chapter [5
the framework in this thesis allows for extensive further applications and encourages more de-
tailed mathematical analysis. First of all the Multilevel Learning approach in the first chapter
could be applied and analyzed in many other Learning Problems, where large computational
effort for computing simulations of samples is slowing down the empirical learning process. But
even in our setting a continuing investigation on the behavior and performance of the two ap-
proaches would be interesting. This could be done numerically by an exhaustive grid-search over
sensible parameters (with enough computational power), but we desire also more theoretical
understanding on the convergence behavior. However there are ongoing mathematical attempts
on understanding the sample and model errors of certain learning problems in the context of
neural networks, which would lead to fruitful insights on suitable network architectures, sample
sizes and approximation qualities. Beyond that we should mention additional improvements
on the (Multilevel) Monte Carlo simulations by Quasi-Monte Carlo methods and importance
sampling (cf. Caflisch [16], Glasserman [32, Section 4.6] and Giles [31]) and possible extensions
to the case of second-order fully nonlinear partial differential equation (cf. Beck [6]). In sum-
mary the coupling of stochastic methods and generalization capabilities of neural networks is
a far-reaching possibility to tackle the curse of dimensionality for solving partial differential
equations and therefore enjoys much attention in recent research (cf. Sirignano [78], Khoo [49],
E [25], Raissi [70]).
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Appendix

.1 Source Codes

Python code for the Toy example from Section [5.1}

import tensorflow as tf

import numpy as np

from timeit import default_timer as timer
import pandas as pd

#general parameters

T=1.0 #time, where the solution is evaluated

sigma=0.5

mu=0.5*sigma**2

p-phi=[-0.015,0,1.77,0] #coefficients of polynomial phi

p-sol=[cxnp.exp (0.5 (sigmasxpower)**2xT) for (c,power) in zip(p-phi,range(len(
p-phi)—1,—-1,-1))] #coefficients of explicit solution

a, b=—6., 6. #approximate the solution of the PDE in [a,b]"d

n_hidlayer_low=5 #number of hidden layers for the neural net in the lowest level

n_neurons_low=[512,512,1024,512,512] #[12,1024,1024,1024,128] #number of neurons
for the hidden layers in the lowest level

n_hidlayer=5 #number of hidden layers for the neural nets in other levels

n_neurons =[128,128,256,128,128] #number of neurons for the hidden layers in the
other levels

Ir _rate=le—6 #learning rate of the ADAM optimizer

valid_steps=5 #steps for validation of the metrics

w_initializer=tf.variance_scaling_initializer () #initializer of the weights

activation=tf.nn.elu #activation function

delta=0.2 #learn in slightly larger region

momentum=0.9 #momentum of batch normalization

gradient_clip=0.3 #gradient clipping

#function for building, fitting and evaulating the model
def fit (l.min,l max,K,time,valid_points ,real_sol ,seed):
#Euler—scheme for fine and coarse realizations
def phi(x,1vl):
with tf.variable_scope(’Euler—Scheme’):
with tf.variable_scope(’Fine_Realization’):
N _fine=tf.constant (4%*1v]l ;name="Steps_fine’ ,dtype=tf.int32)
h_fine=tf.divide (T, tf.cast (N_fine , tf.float32) ,name=’Step—
Size_fine )
dw_fine=tf.random_normal (shape=[N_fine , tf.shape(x) [0],1] ,mean
=0.0,stddev=tf.sqrt (h_fine) ,name="DW’)
count=tf.constant (0,name=’Count )
def scheme_fine (i, realisation):
realisation+=(muxh _fine+dw_fine[i,:,:]*sigma)*realisation
return [i+1,realisation]
_, y-fine=tf.while_loop (lambda i,realisation: i<N_fine,
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scheme_fine ,loop_vars=[count ,x],name=’Euler—Loop_fine )
phi_fine=tf.reduce_sum (p_phi[3]+ p_phi[2]*y_fine+p_phi[l]*y_finex*x2+
p-phi[0]* y_fine*%3,axis=1,keepdims=True ,name="Phi_fine )
if lvl=l_min:
return phi_fine
else:
with tf.variable_scope(’Coarse_Realization’):
N_coarse=tf{.constant (4xx(1vl —1) ,name=’Steps_coarse ’,dtype=tf
.int32)
h_coarse=tf.divide (T, tf.cast(N_coarse, tf.float32) ,name=’Step
—Size_coarse )
dw_coarse=dw_fine [0::4 ,: ,:]+ dw_fine [1::4 ,: ,:]+ dw_fine
[2::4,:,:]+dw_fine [3::4 ,: ,:]
def scheme_coarse(i,realisation):
realisation+=(@muxh_coarse+dw_coarse[i,: ,:]*sigma)x
realisation
return [i+1,realisation|
_, y-coarse=tf.while_loop (lambda i,realisation: i<N_coarse,
scheme_coarse ,loop_vars=[count ,x] ,name=’Euler—Loop_coarse

phi_coarse=tf.reduce_sum (p_phi[3]+p_phi[2]*y_coarse+p_phi[l]x
y-coarsex*2+p_phi[0]* y_coarse*%3,axis=1,keepdims=True ,name=’
Phi_coarse )
phi_diff=tf.subtract (phi_-fine ,phi_coarse ;name="Phi_diff ")
return phi_diff
#function for building the neural networks
def nn(valid_input ,num_hidlayer ,num_neurons,level ,training):
name_suffix=str (level)
with tf.variable_scope(’ Network_’'+name_suffix):
with tf.variable_scope(’Input’):
batch_s=Kx4x*x(l.max—level)
input_layer=tf.cond(training ,lambda: tf.random_uniform ([batch_s
,1] ,minval=a—delta , maxval=bt+delta ,name="Xi—Input’) ,lambda:
valid_input ,name=’Network—Input ")
prev_output=input_layer —(a+b) /2
for n in range(num_hidlayer):
with tf.variable_scope(’Hidden_Layer%d’ %(n+1)):
prev_output=tf.layers.dense(prev_output ,num_neurons|n],
use_bias=False ,kernel_initializer=w _initializer)
prev_output=tf.layers.batch_normalization (prev_output
momentum=momentum, training=training)
prev_output=activation (prev_output)
with tf.variable_scope(’Output_Layer’):
output=tf.layers.dense(prev_output,l,kernel_initializer=
w_initializer ,name='Y _pred’)
with tf.variable_scope( Target’):
z=phi(input_layer ,level)
with tf.variable_scope(’Losses’):
loss=tf.reduce_mean ((z—output)**2 name=’Loss )
with tf.name_scope(’Train_’+name_suffix):
global_step=tf.Variable (0,trainable=False ,name="Global_Step ")
learn_rate=tf.train.exponential_decay (lr_rate , global_step ,5000,0.5,
staircase=True ,name="Learn_Rate )
optimizer=tf.train.AdamOptimizer(learn_rate ,name=’Adam’)
grads_and_vars=optimizer.compute_gradients(loss)
grads_and_vars=[(tf.clip_-by_value(grad, —gradient_clip ,
gradient_clip), var) for grad, var in grads_and_vars if grad is
not None]
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update_ops=tf.get_collection (tf.GraphKeys.UPDATE OPS, scope=’
Network_’+name_suffix)
with tf.control_dependencies(update_ops):
optimize=optimizer.apply_gradients(grads_and_vars , global_step=
global_step ,name=’Minimizer ")
return output
#function for building the complete model
def build_-model(valid_points ,real_sol):
valid_input=tf.constant (valid_points ,dtype=tf.float32)
is_training=tf.placeholder (tf.bool ,name="TIs_Training’)
nn_outputs=[nn(valid_input ,n_hidlayer ,n_neurons,l,is_training) for 1 in
range (1_min+1,l_max+1)]
nn_outputs.append (nn(valid_input ,n_hidlayer_low ,n_neurons_low ,l_min ,
is_training))
with tf.variable_scope(’Accuracy’):
f_real=tf.constant(real_sol ,dtype=tf.float32 ,name="F _Real’)
f_approx=tf.add_n(nn_outputs ,name="F_Approximation )
abs_error=tf.abs(f_real —f_approx ,name="Abs_Error’)
abs_f_real=tf.abs(f_real ,name="Abs_F_Real’)
mse=t{.reduce_mean (abs_error «*2 ,name="MSE’)
rel_L1l_error=tf.divide(tf.reduce_mean(abs_error),tf.reduce_mean (
abs_f_real) ,name="Rel L1 _Error’)
#function for training the neural networks
def trainNN():
train_all=["Train_’+str (1)+’/Minimizer:0’ for 1 in range(l.min,l_max+1)]
iteration=0
percentage=0
metrics_list=list ()
fetch=["Accuracy/ '+metric+’:0’ for metric in [ 'MSE’, Rel_L1_Error’]]
start=timer ()
while timer ()—start <time:
if ((iteration)%valid_steps)==0:
runtime=timer ()—start
if (runtime/time)*100>percentage:
print ('———Progress: ’+str(percentage)+'%’ ,end="\r’, flush=
True)
percentage+=10
metrics_valid=[iteration ,runtime]
metrics_valid.extend (sess.run(fetch,feed_dict={"Is_Training:0":

False}))
metrics_list.append(metrics_valid)
sess.run(train_all ,feed_dict={"Is_Training:0’: True})
iteration+4=1
return pd.DataFrame(metrics_list ,columns=[’Iteration’, Time’, ’'MSE’ 'rel.
L1 Error’])

tf.reset_default_graph ()
sess=tf.InteractiveSession ()
tf.set_random _seed (seed)
build_model (valid_points ,real_sol)

print ('——Model build! ")
tf.global_variables_initializer ().run()
print ('———Train Network(s)!”)

metrics=trainNN ()
sess . close ()
return metrics

#Monte—Carlo approximation of the solution
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def real_solution (seed):
np.random. seed (seed)
points=np.random. uniform (low=a, high=b, size =[num_points ,1])
solution=np. polyval(p_sol ,points)
return points ,solution

#evaluate and compare the metrics
runtime=100 #runtime of the optimization algorithm in secondes
num_points=50 #number of evaluation points for the metrics
metrics_multilevel=list ()
metrics_standard=list ()
for seed in [2]: #range(5):
print ("\nSeed Nr. ’4str(seed))
points , solution=real_solution (seed)
print ('—Multilevel Learning:’)
lvl.min, lvl.max=3, 5 #4"(lvl.min) and 4" (lvl.max) are the number of time
steps in the coarsest and finest levels respectively
batch_mult=256 #multiplicator for the batch—size
metric=fit (lvl.min ,lvl.max , batch_mult ,runtime , points , solution ,seed)
path=str (seed )+’ _multilevel’
metric.to_pickle (path)
print ('———Saved to ’4path+’ (pickled pandas DataFrame) )
metrics_multilevel .append (metric)
print ('—Standard Learning:’)
lvl.min, lvl.max=5, 5
batch_mult*=(lvl.max—lvl_min+1) #same number of random normal calls
metric=fit (lvl_min ,lvl_max ,batch_mult ,runtime , points , solution ,seed)
path=str (seed )+’ _standard’
metric. to_pickle (path)
print ('———Saved to ’+path+’ (pickled pandas DataFrame) ')
metrics_standard .append (metric)
print (’\n\nFINISHED! ') #open metrics_standard and metrics_multilevel — or use pd
.read_pickle (path)

Python code for the Rainbow European Option example from Section [5.2;

import tensorflow as tf

import numpy as np

from timeit import default_timer as timer
import pandas as pd

#general parameters

d=20 #dimension (number of assets)

T=1./12. #expire time (one month)

sigma=0.01%np.ones ([d,d])+0.03xnp.eye (d)

mu=0.06*np.ones ([d,1])

k=100 #strike price

a, b= 98, 102 #approx. the solution in [a,b]"d (initial value of the assets)

n_hidlayer_low=5 #number of hidden layers for the neural net in the lowest level

n_neurons_low=[128,1024,8192,1024,128] #number of neurons for the hidden layers
in the lowest level

n_hidlayer=3 #number of hidden layers for the neural nets in the other levels

n_neurons =[64,512,64] #number of neurons for the hidden layers in the other
levels

start_lr=le—4 #initial learning rate of the ADAM optimizer

decay_steps=4000 #learning rate decay with factor 0.1

valid_steps=50 #steps for validation of the metrics

w_initializer=tf.variance_scaling_initializer () #initializer of the weights

activation=tf.nn.elu #activation function
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delta=0.2 #learn in slightly larger region
momentum=0.9 #momentum of batch normalization
gradient_clip=0.3 #gradient clipping

#function for building, fitting and evaulating the model
def fit(l.min ,l.max K, time, valid_points ,real_sol ,seed):
#Euler—scheme for fine and coarse realizations
def phi(x,1vl):
with tf.variable_scope (’Euler—Scheme’):
with tf.variable_scope(’Fine_Realization’):
N _fine=tf.constant (4%*1v]l ;name="Steps_fine’ ,dtype=tf.int32)
h_fine=tf.divide (T, tf.cast (N_fine, tf.float32) ,name=’Step—
Size_fine )
dw_fine=tf.random_normal (shape=[N_fine , tf.shape(x) [0],d],mean
=0.0,stddev=tf.sqrt (h_fine) ,name="DW")
count=tf.constant (0,name=’Count )
def scheme_fine (i, realisation):
realisation+=(mu Txh _fine+tf.matmul(dw_fine[i,: ,:],sigma_T))
xrealisation
return [i+1,realisation]
_, y-fine=tf.while_loop (lambda i,realisation: i<N_fine,
scheme_fine , loop_vars=[count,x],name=’Euler—Loop_fine ")
phi_fine=tf.nn.relu(tf.reduce_.max(y_fine, axis=1, keepdims=True)—k,
name="Phi_fine ")
if lvl=l_min:
return phi_fine
else:
with tf.variable_scope(’Coarse_Realization’):
N_coarse=tf{.constant (4*x(1vl —1) ,name=’Steps_coarse ’,dtype=tf
.int32)
h_coarse=tf.divide (T, tf.cast(N_coarse, tf.float32) ,name=’Step
—Size_coarse )
dw_coarse=dw_fine [0::4 ,: ,:]+ dw_fine [1::4 ,: ,:]+ dw_fine
[2::4,:,:]+dw_fine [3::4 ,:,:]
def scheme_coarse(i,realisation):
realisation+=(mu.Txh_coarse+tf.matmul(dw_coarse[i,: ,:],
sigma_T))*realisation
return [i+1,realisation]
_, y-coarse=tf.while_loop (lambda i,realisation: i<N_coarse,
scheme_coarse, loop_vars=[count ,x]|,name='Euler—
Loop_coarse’)
phi_coarse=tf.nn.relu(tf.reduce_max(y-coarse, axis=1, keepdims=
True)—k,name="Phi_coarse ")
phi_diff = tf.subtract(phi_fine ,phi_coarse, name='Phi_diff ")
return phi_diff
#function for building the neural networks
def nn(valid_input ,num_hidlayer ,num_neurons,level ,training):
name_suffix=str (level)
with tf.variable_scope(’Network_ '+name_suffix):
with tf.variable_scope(’Input’):
batch_s=Kx4**(l.max—level)
input_layer=tf.cond(training ,lambda: tf.random_uniform ([batch_s,
d] ,minval=a—delta ,maxval=b+delta ,name=’Xi—Input ’) ,lambda:
valid_input ,name=’Network—Input ")
with tf.variable_scope(’ Normalization’):
prev_output=input_layer —(a+b) /2
for n in range(num_hidlayer):
with tf.variable_scope(’Hidden_Layer%d’ %(n+1)):
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prev_output=tf.layers.dense(prev_output ,num_neurons|n],
use_bias=False ,kernel_initializer=w _initializer)
prev_output=tf.layers.batch_normalization (prev_output ,
momentum=momentum, training=training)
prev_output=activation (prev_output)
with tf.variable_scope(’Output_Layer’):
output=tf.layers.dense(prev_output,l,kernel_initializer=
w_initializer ,name='Y _pred’)
with tf.variable_scope( Target’):
z=phi(input_layer ,level)
with tf.variable_scope( Losses’):
loss=tf.reduce_mean ((z—output)**2 name='Loss )
with tf.name_scope(’'Train_’+name_suffix):
global_step=tf.Variable(0,trainable=False ,name='Global_Step ")
learn_rate=tf.train.exponential_decay (start_lr , global_step ,
decay_steps ,0.1,staircase=True,name='Learn_Rate’)
optimizer=tf.train.AdamOptimizer(learn_rate ,name=’Adam’)
grads_and_vars=optimizer.compute_gradients(loss)
grads_and_vars=[(tf.clip_-by_value(grad, —gradient_clip ,
gradient_clip), var) for grad, var in grads_and_vars if grad is
not None]
update_ops=tf.get_collection (tf.GraphKeys.UPDATEOPS, scope=’
Network_’4+name_suffix)
with tf.control_dependencies(update_ops):
optimize=optimizer.apply_gradients (grads_and_vars, global_step=
global_step ,name=’Minimizer ")
return output
#function for building the complete model
def build-model ():
valid_input=tf.constant (valid_points ,dtype=tf.float32)
is_training=tf.placeholder (tf.bool ,name="TIs_Training’)
nn_outputs=[nn(valid_input ,n_hidlayer ,n_neurons,l,is_training) for 1 in
range (l_min+1,1_max+1)]
nn_outputs.append (nn(valid_input ,n_hidlayer_low ,n_neurons_low ,l_min ,
is_training))
with tf.variable_scope(’Accuracy’):
f_real=tf.constant(real_sol ,dtype=tf.float32 ,name="F _Real’)
f_approx=tf.add_n(nn_outputs ,name="F_Approximation )
abs_error=tf.abs(f_real —f_approx ,name="Abs_Error’)
abs_f_real=tf.abs(f_real ,name="Abs_F_Real’)
rel_abs_error=tf.divide(abs_error ,abs_f_real ;name="Rel_Abs_Error’)
max_rel_error=tf.reduce_max(rel_abs_error ,name="Max_Rel_Error’)
mse=tf.reduce_mean (abs_error *%2,name="MSE’)
msre=tf.reduce_mean(rel_abs_error **2 name="MSRE)
rel_L1l_error=tf.divide(tf.reduce_mean(abs_error),tf.reduce_-mean (
abs_f_real) ,name="Rel L1 _Error’)
#function for training the neural networks
def trainNN():
train_all=["Train_’+str (1)+’/Minimizer:0’ for 1 in range(l.min,l max+1)]
iteration=0
percentage=0
metrics_list=list ()
fetch=["Accuracy/ '+metric+’:0’ for metric in [’ Max_Rel_Error’, MSE’,’
MSRE’, ’Rel_L1_Error’]]
start=timer ()
while timer ()—start <time:
if ((iteration)%valid_steps)==0:
runtime=timer ()—start
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if (runtime/time)*100>percentage:
print ('———Progress: ’+str(percentage)+'%’ ,end="\r’, flush=
True)
percentage+=10
metrics_valid=[iteration ,runtime]
metrics_valid.extend (sess.run(fetch,feed_dict={"Is_Training:0":
False}))
metrics_list.append(metrics_valid)
sess.run(train_all ,feed_dict={’Is_Training:0’: True})
iteration+=1
return pd.DataFrame(metrics_list ,columns=[’Iteration
Error’ ,’MSE’,’'MSRE’ , 'rel. L1 Error’])

»,'Time’ , "Max. rel.

tf.reset_default_graph ()

sess=tf.InteractiveSession ()

tf.set_random_seed (seed)

sigma_T=tf.constant (np.transpose (sigma) ,dtype=tf.float32)
mu T=t{.constant (np.transpose (mu) ,dtype=tf.float32)
build_model ()

print ('———Model build! ")
tf.global_variables_initializer ().run()
print ('———Train Network(s)!”)

metrics=trainNN ()
sess. close ()
return metrics

#Monte—Carlo approximation of the solution
def MC_approx(seed):
tf.reset_default_graph ()
sess=tf.InteractiveSession ()
tf.set_random_seed (seed)
sigma_T=tf.constant (np.transpose (sigma) ,dtype=tf.float32)
mu T=tf.constant (np.transpose (mu) ,dtype=tf.float32)
points=np.random. uniform (low=a, high=b, size=[num_points ,d])
MC_sol=np. zeros ([num_points ,1])
for i in range(num-_points):
if 1%10==0:
print ('—Monte Carlo Simulations: ’+str(i)+’/’+str (num_points),
end="\r ", flush=True)
W=tf . random_normal (shape=[10000000,d] ,mean=0.0,stddev=tf.sqrt (T),
name="W")

MC_single=tf.reduce_mean (tf.nn.relu(tf.reduce_max(points[i,:]* tf.exp
((mu.T—0.5%tf.reduce_sum (sigma_T**2,axis=0,keepdims=True) ) *T+tf .
matmul (W, sigma_T)) ,axis=1,keepdims=True)—k))

MC_sol[i,0]=sess.run(MC_single)

sess . close ()
print ('—Monte Carlo Simulations completed!’)
return points , MC_sol

#evaluate and compare the metrics
runtime=1000 #runtime of the optimization algorithm in seconds
num_points=100 #number of evaluation points for the metrics
metrics_multilevel=list ()
metrics_standard=list ()
for seed in range(5):

print ("\nSeed Nr. ’4str(seed))

points , solution=MC_approx (seed)

print ('—Multilevel Learning:’)
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163 lvl.min, lvl.max=3, 5 #4"(lvl.min) and 4" (lvl.max) are the number of time
steps in the coarsest and finest levels respectively

164 batch_mult=256 #multiplicator for the batch—size

165 metric=fit (lvl_min ,lvl_max ,batch_mult ,runtime , points , solution ,seed)

166 path=str (seed )+’ _multilevel’

167 metric.to_pickle (path)

168 print ('———Saved to ’4path+’ (pickled pandas DataFrame)’)

169 metrics_multilevel .append(metric)

170 print ('—Standard Learning:’)

171 Ivl_min , lvl_max=5, 5

172 batch_mult*=(lvl.max—lvl_min+1) #same number of random normal calls

173 metric=fit (lvl_min ,lvl_max ,batch_mult ,runtime , points , solution ,seed)

174 path=str (seed )+’ _standard’

175 metric. to_pickle (path)

176 print ('———Saved to ’4path+’ (pickled pandas DataFrame)’)

177 metrics_standard .append (metric)

17s | print ("\n\nFINISHED! ’) #open metrics_standard and metrics_multilevel — or use pd
.read_pickle (path)
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