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Generative modeling

Task

Sample from a complex (high-dimensional, multimodal) distribution D.

Julius Berner An optimal control perspective on diffusion-based generative modeling 3 /30


https://en.wikipedia.org/wiki/File:Bimodal-bivariate-small.png
https://en.m.wikipedia.org/wiki/File:Cat_poster_1.jpg

Generative modeling

Task

Sample from a complex (high-dimensional, multimodal) distribution D.
D can be given in the form of:

samples Y() ~ D (images, text,
sound, ...).
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Generative modeling

Task

Sample from a complex (high-dimensional, multimodal) distribution D.
D can be given in the form of:

samples Y() ~ D (images, text, an (unnormalized) density (e.g., in
sound, ...). Bayesian statistics, computational physics
and chemistry).

Fig. 2: https://en.vikipedia.org/wiki/File:Bimodal-bivariate-small.png

Fig ttps://en.m.wikipedia.org/wiki/File:Cat_poster_1.jpg
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Overview of generative models

Generator

GAN: Adversarial . @ n
X
training D(x)

VAE: maximize x z Decoder | | x'
variational lower bound 0(2/x) = po(x|z)
. Flow (| Inverse ’
Flow-based models: X | z 1 X
Invertible transform of f(x) = f7l(2)
distributions

Diffusion models:
Gradually add Gaussian
noise and then reverse

Fig.: https://1ilianveng. github. io/posts/2021-07-11-diffusion-models
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Overview of generative models

GAN: Adversarial Generator <
training
VAE: maximize x z Decoder 57
variational lower bound 0(2/x) =] po(x]z)
Flow-based models: x Flow z l"l’frse =
Invertible transform of f(x) = f7l(2)
distributions

Diffusion models:
Gradually add Gaussian
noise and then reverse

This talk: Diffusion models (originated from (denoising) diffusion probabilistic modeling
and score matching with Langevin dynamics).

J. Sohl-Dickstein, E. Weiss, N. Maheswaranathan, and S. Ganguli. D

Y. S
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Diffusion models

State-of-the-art models for a variety of applications where samples are given.

Sampling conditioned on the text
prompt “a photograph of an
astronaut riding a horse” using
the stable diffusion model.

R. Rombach, A. Blattmann, D. Lorenz, P. Esser, and B. Ommer. Hig
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Diffusion models

State-of-the-art models for a variety of applications where samples are given.
Can be understood via stochastic differential equations (SDEs).

Forward SDE (data — noise)
dx = f(x,t)dt + g(t)dw

- écore function ' )
@ dx = [f(x,t) — ¢*(t)Vx log p: (x)] dt + g(t)dw
Sampling conditioned on the text Reverse SDE (noise — data)
prompt “a photograph of an

astronaut riding a horse” using
the stable diffusion model.

Y. Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Erm
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Overview of the talk

Diffusion

models

L Optimal

control

Julius Berner An optimal control perspective on diffusion-based generative modeling 6 /30



Overview of the talk

Diffusion
N
models
Bellman (1957)
Fleming & Rishel (1975)
Bensoussan (1988)
L Optimal

control
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Overview of the talk

Diffusion

Julius Berner

models

L Optimal

control
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ELBO

>
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densities
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Overview of the talk

Diffusion

Julius Berner

models

Generative SDE (X{)ejo,7] With
density X; ~ px(-,?)

L Optimal

control

An optimal control perspective on diffusion-based generative modeling

—>

ELBO

>

sampling from
(unnormalized)
densities

?2??
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SDE-based generative modeling

Model: Stochastic differential equation (SDE)

d-dim. Brownian motion
PN
dXs = fi(Xs, s) ds + &5(s) d B,
N—— ~~~

drift diffusion
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SDE-based generative modeling

Model: Stochastic differential equation (SDE)

d-dim. Brownian motion
PN
dXs = Ji(Xs, s) ds + &(s) d Bs
SN—— ~~~
drift diffusion

Simulation: For instance, via Euler-Maruyama scheme X;, ~ X, :

)%thrl = th + /j()%tld tk)(tk—l—l - tk) + 5(tk) (Btk+1 - Btk)‘
—_———

<0

~N(0,thy1—ti)

o SDE solution and Euler-Maruyama
. scheme with t, = % and N =4,8.
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SDE-based generative modeling

Goal: Learn the drift ji such that X7 approximates a given distribution D.

Xo"'N(O,I) X%' Xg XTzD

samples

NNNNY VA A A ANNNN V) 22 A NN S~ ~y~
NN\ J S r s NN s s NN \4 [
_._._.\\,,,,_,«,,-;lf\\\.__ I e
[ D N P P2V 2 I I U NN AN '\ VAR
e v I YN B P A B SN /\\/\l/,\
-o////f\\\\\////f\\\\\ ///(\ /)\\\
////I\\\\\/////\\\\\////\\\\\///‘\/,\\\
Vs s P PANNNN P s A IANNINN Y S e NN NNV N\
A B T NN s s /AN N el AN AN
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Time-reversed SDE

Goal: X7 ~ D with generative SDE
dXs = [i(Xs,s)ds + &(s) dBs.

3. D. Anderson. Reverse-time diffusion equation mode

U. G. Haussmann and E. Pardoux. Time reversal of diffusions. The Annals
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Time-reversed SDE

Yr~Xo

T
3

3

Yor ~

T~ Xar
El

3

Yo~Xr~D

Xt ~ D with generative SDE

Goal

Kysusp

(Xs,s)ds + &(s)dBs.

=

dXs

NN e
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Define the inference SDE

“Solution
dY; =

s AN
o/ L PINNSNS
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p(x, T —t) (time-reversal)

a(x, t) :

Notation
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Time-reversed SDE

Yr~Xo

T
3

3

Yor ~

T~ Xar
3

3

Yo~Xr~D

Goal: X7 ~ D with generative SDE

Kysusp

(Xs,s)ds + &(s) dBs.

=

dXs

Define the inference SDE

“Solution”:

[N

A JO Yup

Yo ~ D,

)

f(Ys,s)ds +o(s)dB

dYs =

:
/X\X
VEANNEA

oo 'Vlogpy — f.

Py, ie, Xe ~ Yr_ fort € [0, T].

and set Xp ~ Y7 and p :

"o

X 30 Yup

a.e.

= Px =

Problem: How to learn the score V log py and how to sample from Xy ~ Y77

9/ 30
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PDE for the log-density

Diffusion Generative SDE (X);c[o,7] With
models density X ~ px(-,t)

v

px(z,t) solves Fokker-Planck
equation

\ Optimal
control
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PDE for the log-density

e Notation: D :=o0'
Diffusion Generative SDE (X)c[o,7) With

models density X; ~ px(-,t)
v

px(z,t) solves Fokker-Planck . L /= -
@) equation Oipx = div (dlv (Dpx) — /pr)

\ Optimal
control
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PDE for the log-density

Notation: D :=occ'

Diffusion Generative SDE (X);c[o,7] With
models density X ~ px(-,t)

v

px(z,t) solves Fokker-Planck . L /= -
@) equation Oipx = div (dlv (Dpx) — ;pr)

v

pX(:t:, T— t) solves (generalized)
Kolmogorov equation

[ Optimal
control
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PDE for the log-density

Notation: D :=occ'

Diffusion Generative SDE (X);c[o,7] With px(x,t) = px(x, T —t)

models density X; ~ px(-,t)
v

px(z,t) solves Fokker-Planck . L /= -
@) equation Oipx = div (dlv (Dpx) — ;pr)

v

px(m T— t) solves (generalized) - - = . -
’Kolmogorov equation Opx =—Tr (szpx) + - Vpx +div(p)px

[ Optimal
control
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PDE for the log-density

Diffusion

models

Hopf-Cole
transform

Julius Berner

Generative SDE (X});c[o,7] With
density X; ~ px(,t)

v

px(z,t) solves Fokker-Planck
equation

v

pX(:l:, T— t) solves (generalized)
Kolmogorov equation

------------------- > v

—logpx(z, T — t) solves HJB
equation

Notation: D :=occ'

Px(x,t) = px(x, T —t)
O:px = div (diV (DPX) - ﬁpx)

d:px = — Tr (DV?px) + pu - Vpx + div(u)px

Optimal

control
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PDE for the log-density

Notation: D :=occ'

Diffusion Generative SDE (X);c[o,7] With px(x,t) = px(x, T —t)

models density X; ~ px(-,t)

v

px(z,t) solves Fokker-Planck . (= -
, equation 8th = div (dIV (DPX) - /LPX)
v
px(z, T — t) solves (generalized) 9.5 — —Tr (DV25 _ di -
Kolmogorov equation tPx = — Ir ( \Y PX) + - Vpx +div(p)px
Hopf-Cole —
transform > +
—logpx(z, T — t) solves HIB Optimal
et control

OV ==Tr(DV?V) + p- VV —div(p) + %HJTV\/Hz where V := —log py
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PDE for the log-density

Hamilton-Jacobi-Bellman equation for time-reversed log-density

Define V := —log px (Hopf-Cole transform), where px(x, t) := px(x, T — t) denotes the
time-reversed density of the generative SDE X. Then

0V = =Tr (DV2V) + - VV — div() + 3 [Jo "V V||,

Julius Berner An optimal control perspective on diffusion-based generative modeling 11 / 30



Deriving the ELBO

Diffusion Generative SDE (X);c(o,z] With
models density X; ~ px(-,t)

v

px(z,t) solves Fokker-Planck
equation

v

px(z,T — t) solves (generalized)
Kolmogorov equation

v

—logpx(z, T — t) solves HIB
equation

Optimal

control

> ELBO
Verification
* .....
theorem

OV =—Tr(DV?V) + p- VV —div(p) + %HJTVVHZ where V .= —log px

Julius Berner An optimal control perspective on diffusion-based generative modeling
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Deriving the ELBO

Diffusion Generative SDE (X¢)¢c[o,7) With 1. Feynman-Kac formula

models density X; ~ px(-,t) 2. Girsanov theorem
+ 3. Jensen's inequality

px(z,t) solves Fokker-Planck v =i
equation
px(z, T — t) solves (generalized) . Verification
Kolmogorov equation theorem
—logpx(z, T — t) solves HIB Optimal

equation control

oV =—Tr(D VQV)—i—,u VV—dlv(,u 2Ho*—'—VVH where V .= —log px

W. Huar 1. Lim, and A ille. A variational perspective on diffusion-based generative models and sc
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Verification theorem

Verification theorem
Let V be the solution to the HJB equation

8V = —Tr(DV2V) — - VV — h+ Lo TV V|7,
let U be a suitable space of controls, and let
dYY = (ou—p) (Y, s)ds+ o(s)dBs,
be the controlled SDEs. Then it holds that

.
E [V(¥§,0)] = minE / (Ll[ul? + h) (YE, s)ds+ V(YL T)|.
@ 0
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Verification theorem

Verification theorem
Let V be the solution to the HJB equation

0V =—Tr (DV2V) — - WV — h+ 30TV V|7,

let U be a suitable space of controls, and let
dYl = (ou—p) (Y, s)ds + o(s)dBs,
be the controlled SDEs. Then it holds that

E [V(Yg',0)] ? min g

Ité’s lemma running costs terminal cost

)
/0 (LllulP + h) (Y2, s)ds + V(Y4 T)

~
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Verification theorem

Verification theorem
Let V be the solution to the HJB equation

8V = —Tr(DV2V) — - VV — h+ Lo "WV,
let U be a suitable space of controls, and let
dYY = (ocu—p) (Y, s)ds + o(s)dBs,
be the controlled SDEs. Then it holds that

.
B [V(Y§,0)] = minkE | [ (Al + B) (V2 5)ds + VOV, T) |,
a 0

where the unique minimum is attained by v* == —¢ 'V V.
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Verification theorem

Verification theorem
Let V be the solution to the HJB equation

8V = —Tr (DV2V) — - VV — h+ L||e TV V|7,

let U be a suitable space of controls, and let
dY! = (ou—p) (Y, s)ds + o(s)dBs,

be the controlled SDEs. Then it holds that

E [V(YOU7O)] =E

T
/ (3llull®+ h) (Y, s)ds+ V(YE, T)| = Duw(Py|Pyer),
0 —_——
KL-divergence on path space

where u* = -V V.
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Verification theorem

Verification theorem
Let V be the solution to the HJB equation

8V = —Tr (DV2V) — - VV —div(u) + 3o TV V|,
let U be a suitable space of controls, and let
dYY = (ou—p) (Y, s)ds+ o(s)dBs,
be the controlled SDEs. Then it holds that

-
E[V(Yy,0)] =E /0 (Alull® + div(p)) (Y4, s)ds + V(YE, T)| — Dk (Pyu[Pyur),

where u* = - 'V V.
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Verification theorem

ELBO
Let V := — log py (time-reversed log-density), i.e., the solution to the HJB equation

8:V = —Tr (DV2V) — - VV —div(p) + 3||lo TV V|,

let U be a suitable space of controls, and let
dYl = (ou—p) (Y, s)ds + o(s)dBs,

be the controlled SDEs. Then it holds that

T
B [log px, (Y§)] = B |~ / (311ull? + div(w)) (Y&, 5)ds + log px, (Y1) |+ DL (Pys[Pyur),
0

where u* := 0 "V log b (scaled score).
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Verification theorem

ELBO
Let V := —log py (time-reversed log-density), i.e., the solution to the HJB equation

8V = —Tr (DV2V) — - VV —div(p) + 3o TV V|,

let U be a suitable space of controls, and let

dYY = (ou—p) (Y, s)ds+ o(s)dBs,

S

be the controlled SDEs. Then it holds that

.
E [log px(Yg')] = E /O (311ul® + div(p)) (Y, 5) ds + log px, (Y7) |+ Dki(Pyu|Pyu),
—_———

log-likelihood variational gap

where u* := 0 "V log b (scaled score).
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Deriving the ELBO

_
ELBO: E [log px, (Y§)] > E [logpro(Y) = [ (3lulP + civ() (¥ 5)ds

SDEs: dY! = (ou—p)(Y),s)ds+o(s)dBs, dXs=[i(Xs,s)ds+ &(s)dBs
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Deriving the ELBO

i
ELBO: E [log px, (Y¢)] > E IongO(Y-,‘f)—/O (Llul + div(w)) (Y2, s) ds

SDEs: dY! = (ou—p)(Y),s)ds+o(s)dBs, dXs=[i(Xs,s)ds+ &(s)dBs

Problem: We want to control the generative SDE X.
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Deriving the ELBO

i
ELBO: E [log px, (Y¢)] > E IongO(Y-,‘f)—/o (Llul + div(w)) (Y2, s) ds

SDEs: dY! = (ou—p)(Y),s)ds+o(s)dBs, dXs=[i(Xs,s)ds+ &(s)dBs

Problem: We want to control the generative SDE X.

Reparametrization: y = ou—f

ELBO: E [logpx:(Y0)] > E

-
log px: (Y1) — /0 (||u)? + div(ou — £)) (Y5, s) ds]

SDEs: dY, = /(Ys,s)ds + o(s) dBs, dXS“:( )(Xs“,s)ds+5(5)d35
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Score-based generative modeling

log-likelihood prior loss

—_—— T
ELBO: E [logpx:(Y0)] > E |ong0u(YT)—/ (|ul® + div(ou — £)) (Y&, s) ds]
0

SDEs: dY, = f(Ys,s)ds + o(s)dBs, Yo~ D, dX! = (m - F) (XY, s)ds + 5(s) dBs

inference SDE generative SDE
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Score-based generative modeling

log-likelihood
ELBO: E [log pxs(Yo)] > E

prior loss
— ! Liyl2 i — u
log pxu(YT) (31lull® + div(ou — £))(Y&, s)ds
0

SDEs: dY, = f(Ys,s)ds + o(s)dB;, Yo~ D, dX! = (m . F) (XY, s)ds + &5(s) dBs

inferer:cre SDE generame SDE
Time-reversal: If Xé‘ ~ Y7, then u=u* = UTVIog py and X7 ~D.
~Yr

BSOS
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Score-based generative modeling

log-likelihood
ELBO: E [log pxs(Y0)] > E

prior loss
— ! Liyl2 i — u
log pxu(YT) (31lull® + div(ou — £))(Y&, s)ds
0

SDEs: dY, = f(Ys,s)ds + o(s)dB;, Yo~ D, dX! = (m . F) (XY, s)ds + &5(s) dBs

inference SDE generative SDE

Time-reversal: If XOU ~ Y7, then u=u* = UTVIog py and X7 ~D.
~Yr

BEEDOOES

Questions: | Can the ELBO be simplified? 2 How to sample from Xj' ~ Y77
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Denoising score matching

Rewrite the divergence and use a MC approximation, 7 ~ U([0, T]), of the time-integral:

Julius Berner An optimal control perspective on diffusion-based generative modeling 16 / 30



Denoising score matching

Rewrite the divergence and use a MC approximation, 7 ~ U([0, T]), of the time-integral:

§
ELBO: E [log pxs(¥0)] > B Iogpxou(YT)—/ (Ll1ulP + div(ou — £))(Ys, s)ds
0
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Denoising score matching

Rewrite the divergence and use a MC approximation, 7 ~ U([0, T]), of the time-integral:

Divergence theorem: u-o ' V log PY,|Y, (in expectation)

const. J const.
1 1

.
ELBO: E [logpx:(Y0)] > E IongOu(YT)/O (;||u||2+div(au)div(f))(Ys,s)ds]

~IE [HU(YT, 7) — o (r)V log py, |y, (Vs | yo)\ﬂ + const.

s
denoising score matching
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Ornstein—Uhlenbeck process

Construct drift f and diffusion o of Y such that Y7 ~ N(0,1):
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Ornstein—Uhlenbeck process

Construct drift f and diffusion o of Y such that Y7 ~ N(0,1):

SDEs: dX! = (5& - ?) (XY, s)ds + &5(s)dBs, Xo ~ N(0,1)
dYe = f(Ye,s)ds + o(s)dBs, Yo~ D
T )

= b(s)Ys diagonal matrix

Yr=N(0,1)

samples

drift
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Ornstein—Uhlenbeck process

Construct drift f and diffusion o of Y such that Y7 ~ N(0,1):

SDEs: dX! = (5& - ?) (XY, s)ds + &5(s)dBs, Xo ~ N(0,1)
dYe = f(Ye,s)ds + o(s)dBs, Yo~ D
T )

= b(s)Ys diagonal matrix

Example: Variance-preserving SDE
(Ornstein-Uhlenbeck process) given by

g b= —%02 such that
Y| Yo NN( By, 1 72a(t)> :
&

where a(t) =3 fo
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Summary

variance-preserving SDE with Y7 ~ N/(0,I)
for sufficiently large o(T) := % OT a?(s)ds

A

SDEs: dY, = —10%(s)Yeds + o(s)dBs, Yo~ D
dxY = (5& - ?) (XY, s)ds + 5(s)dBs, Xo ~ N(0,1)

~
generative SDE

Yr= N0, 1) Xo~N(0,/)

Yo~D

samples
samples

NNN Vs NNAN GV
NNAN s
NN
& B =
= PR 5
© P A LN ©
PAr AT B B SN
REEEEREN PR AAR NN s NN
FEE I

1
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Summary

variance-preserving SDE with Y1 ~ A/(0,I)

for sufficiently large o(T) := % 6T a?(s)ds

SDEs: dY;=—30%(s)Ysds +o(s)dBs, Yo~D
dxY = <5a - F) (XY, s)ds + 5(s)dBs, Xo ~ N(0,1)

—
generative SDE

log-likelihood denoising score matching

ELBO: E [log pxy(Y0)] > E [||u(Y;, 7) = o(7)V log py, v,(Y+Y0) [, = ~u(l0, T])
—_——

=N (efuc(t) YU-, 1— 972<y(t))
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Summary

variance-preserving SDE with Y1 ~ A/(0,I)
for sufficiently large o(T) := % 6T a?(s)ds

A

dYs = —30%(s)Ysds + o(s) dBs,

SDEs:

Yo~ D

axt = (55— F) (X¢,5)ds + 5(s)dBs, Xo ~N(0.1)

—
generative SDE

log-likelihood

denoising score matching

ELBO: E [log pxy(Y0)] > E [||u(Y;, 7) = o(7)V log py, v,(Y+Y0) [, = ~u(l0, T])
—_——

=N (efu(t) Yy, 1 — 672<y(t))

= We arrived at (a variant of) the objective used to train diffusion models in practice!

Julius Berner

An optimal control perspective on diffusion-based generative modeling
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Sampling from densities

Diffusion

Julius Berner

models

Generative SDE (X);c[o,7] With
density X; ~ px(-,t)

v

px(z,t) solves Fokker-Planck
equation

v

px(z, T — t) solves (generalized)
Kolmogorov equation

v

—logpx(z, T — t) solves HIB
equation

An optimal control perspective on diffusion-based generative modeling

Optimal

control

—>>

ELBO

>

sampling from
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Sampling from densities

Setting: Data distribution D admits the density £, where p is known but the
normalizing constant Z = [,4 p(x) dx might be intractable.
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Sampling from densities

Setting: Data distribution D admits the density £, where p is known but the
normalizing constant Z = [,4 p(x) dx might be intractable.

Problem: Cannot use the previous ELBO as we cannot simulate Y starting at Yy ~ D:

E [log pxy(Y0)] > B [|[u(Ys, ) — o(r)¥ log py, (V- 0)[°]
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Sampling from densities
Idea: Use verification theorem on HJB equation for V := — log py (instead of — log px):

OV = ~Tr (DV2V) + F- vV — div(F) + 3|57 v V|
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Sampling from densities
Idea: Use verification theorem on HJB equation for V := — log py (instead of — log px):

OV = ~Tr (DV2V) + F- vV — div(F) + 3|57 v V|

Verification theorem
Define the controlled SDEs

dxe = <5u _ F) (XY, s)ds + 5(s) dB.

Then it holds that

§
E [log py, (X§)| =B | log py, (X4) - /O (311ul? + div(F) ) (X2, 5) ds| + Do (Pxo|Pxur -

where u* = 5"V log py.
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Sampling from densities

Verification theorem:

_
E [log py, ()] = E [log o (X#) = [ (3ulP + (7)) (X¢.5)ds| + D (B P
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Sampling from densities

Verification theorem:

)
F [log py, (X§)| = B | log py,(X#) - /0 (3l1ul? + div(F)) (X2, 5)ds| + Dy (Pxo[Pxo)

Using py, = %, yields the following reverse KL objective:

T - XU
D (PxelPxrr) =B | [ (3l + (D) (¢, ds +1og 2200 | +10g 2
0

p(X7
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Sampling from densities

Verification theorem:

)
F [log py, (X§)| = B | log py,(X#) - /0 (3l1ul? + div(F)) (X2, 5)ds| + Dy (Pxo[Pxo)

Using py, = %, yields the following reverse KL objective:

~N(X§;0,1)

T u

. Py (Xo)
Dt (P[P ) = / 11l + div(F)) (XY, 5)ds + log 2YT0) | 4 1o 2
g , ( Jies ZE NN
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Sampling from densities

Verification theorem:

)
F [log py, (X§)| = B | log py,(X#) - /O (3l1ul? + div(F)) (X2, 5)ds| + Dy (Pxo[Pxo)

Using py, = %, yields the following reverse KL objective:

~N(X§;0,1)
——

DkL(Pxu|Pyu+) = E /T <1HUH2 —i—div(?)) (X&) s)ds + IogM +log Z
) 0 ’ B p(X%) const

prior loss

- -

Remark: DKL(]P’XUHP’XU*) = DxL(Px«|Py) — DKL(]PXu\]PyT) with reverse time SDE Y.
X4~ Yr
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Time-Reversed Diffusion Sampler

Diffusion-based method for (unnormalized) densities: Time-Reversed Diffusion Sampler

p(X7)
axy = (5u—F) (X2 9)ds + 5(s)dBe, X ~ N(0,1)

DIS: minE
ueU

.
[ (3lul? +6ivB) (. 9) s+ log
0
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Time-Reversed Diffusion Sampler

Diffusion-based method for (unnormalized) densities: Time-Reversed Diffusion Sampler

p(X7)
axy = (5u—F) (X2 9)ds + 5(s)dBe, X ~ N(0,1)

DIS: minE
ueU

.
[ (3lul? +6ivB) (. 9) s+ log
0

Cannot simplify the objective (as in denoising score matching) since the expectation is
over the controlled process X".
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Time-Reversed Diffusion Sampler

Diffusion-based method for (unnormalized) densities: Time-Reversed Diffusion Sampler
N(X{; 0,1)

p(X7)
axy = (5u—F) (X2 9)ds + 5(s)dBe, X ~ N(0,1)

DIS: minE
ueU

.
[ (3lul? +6ivB) (. 9) s+ log
0

Cannot simplify the objective (as in denoising score matching) since the expectation is
over the controlled process X".

Discretize objective, parametrize u as neural network, simulate whole trajectory X", and
backpropagate (or use stochastic adjoint method).
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Time-Reversed Diffusion Sampler
Diffusion-based method for (unnormalized) densities: Time-Reversed Diffusion Sampler

DIS: minE w
ueU p(X-,—)

axy = (5u—F) (X2 9)ds + 5(s)dBe, X ~ N(0,1)

.
[ (3lul? +6ivB) (. 9) s+ log
0

Cannot simplify the objective (as in denoising score matching) since the expectation is
over the controlled process X".

Discretize objective, parametrize u as neural network, simulate whole trajectory X", and
backpropagate (or use stochastic adjoint method).

Initialize neural network as linear interpolation between (scaled) initial and terminal
scores § 'V log N (0,1) =~ 5 Vlog py; and 5V log p = &'V log PY,-
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Time-Reversed Diffusion Sampler

Double-Well: Sampling from a double-well (DW) with 25 modes in 20 dimensions:

w d
1
p(x) = exp —g(x,z—5)2—§ g x,-2 , d=20,0=3,
i=1 i=w41

w =b.

o~
X
r T T T T T T T T r T T T T T
0.0 0.2 0.4 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.5 1.0 -2 0 2
initial density t terminal density X1
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Path Integral Sampler

We compare against one of the standard approaches (Path Integral Sampler) originating
from the field of stochastic optimal control.

mi, N. D. Law
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Path Integral Sampler

We compare against one of the standard approaches (Path Integral Sampler) originating
from the field of stochastic optimal control.

Based on Schrédinger (Half-)Bridge problem min gy Dxi (Px«|Pxo) s.t. X4 ~ D, where

AXE = (ot 1) (X, 5) ds + 0(s)dBs, X ~ G

F. Va sianas, D. Fernandes, M. Girolami, N. D nce, and N. Niisk ian lear ia neural Schrédinger—Félin Computin, 1
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Path Integral Sampler

We compare against one of the standard approaches (Path Integral Sampler) originating
from the field of stochastic optimal control.

Based on Schrodinger (Half-)Bridge problem minycys Dxi (Pxu|Pxo) s.t. X% ~ D, where

d)<su = (Ju + H) (Xsuv 5) ds + O'(S) dBS’ Xél ~ 5X0’

Leads to the following objective:

ng()@)
p(X7)

PIS: minE

ueld

)
/ 1| u(X¥, s)| ds + log
0
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Path Integral Sampler

We compare against one of the standard approaches (Path Integral Sampler) originating
from the field of stochastic optimal control.

Based on Schrodinger (Half-)Bridge problem minycys Dxi (Pxu|Pxo) s.t. X% ~ D, where

&

=0
——

dXsu = (Uu + ?)(Xsua S) ds + 0(5) dBS’ XOU ~ 6X0‘

Leads to the following objective:

N (X%;0,1)
T (X7)
Pxo
PIS: minE / 1)ju(X¥, $)| ds + log 2217
uelUd 0

p(X7)
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DIS vs. PIS

DIS:

PIS:

Julius Berner

min [E
ueU

p(X7)
dXsu = <5U - ?) (Xsu7 S) ds + 5(5) dBS’ XO ~ ’\’(O I)

T N(XY; 0,1) density of X2
min E / Lju(XxY,s)||>ds + log ———2~ !
min® | [ 3,9 )
dXS“:%( )ds—i—fd s, Xo ~ O

An optimal control perspective on diffusion-based generative modeling

T u. —~ I
/ (3lul+ div(F)) (x, )ds+|ogMT~denstyof Yr
0
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DIS vs. PIS

DIS: minE
ueU

p(X7)

/OT (Bllul?+ div(F) (x¢,5) ds + log MT

axe = (su—F) (X, 5) ds + 5(s) dBa, Yo~

T XU.OI d t fXO
PiS: minE | [ ;||u(x:,s)uzds+|ogN<rw>T ensity of X§
0

uel

p(X7)
dX' = Ju(X{,s)ds + = dBs,  Xo~ 0y

DIS can use different SDEs and initial distributions X ~ A/(0, 1)
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DIS vs. PIS

DIS: minE
ueU

p(X7)

/OT (Bllul?+ div(F) (x¢,5) ds + log MODT

axe = (su—F) (X, 5) ds + 5(s) dBa, Yo~

T XU.OI d t fXO
PIS: minE / EIIU(XS“,s)szerlogN(T")T ensity of X7
0

uel

p(X7)
dX' = Ju(X{,s)ds + = dBs,  Xo~ 0y

DIS can use different SDEs and initial distributions X ~ A/(0, 1)

Allows to transfer techniques for diffusion models (noise schedules, probability flow ODE,
exponential integrators, ... )
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DIS vs. PIS

DIS:

PIS:

min [E
ueU

/OT <%HUH2 ) (X, 5)ds + log WT

dXY = (5u . ?) (XY, s)ds + 5(s)dBs, Xo ~

T N(XY; 0,I)4— density of X?

inE Lu(X, s)|?ds + log ——L——~~ g
min® | [ 3l )P ds +log = 2
dXx¥ = #u(xg, s)ds + # dBs, Xo~ 0.,

DIS can use different SDEs and initial distributions X ~ A/(0, 1)

Allows to transfer techniques for diffusion models (noise schedules, probability flow ODE,
exponential integrators, ... )

Concurrent work: Denoising diffusion sampler using PIS objective with
Ornstein-Uhlenbeck process X and X ~ A(0, v21).
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DIS vs. PIS

Task 1: Compute expectations E[f(X4)] ~ E[f(Y0)] for f(x) = ||x||? and f(x) = ||x]1
using trained DIS and PIS with varying number of steps in the Euler-Maruyama scheme.

DW (d=10,w=3,6=2)

DW (d=20,w=5,6=3)

DW (d=50,w=5,6=2)

12.60
e e —— 54.25
29
54.00
28 53.75
5350
27— 53.25
T T T T T T T T LA B |
050 126
e
20.25 42.5
20.00 424
19.75 423
go.
022 —
Bosg — 19.50
—_— 421
9.46 — —r 19.25 — ———t , ——t
100 200 400 800 100 200 400 800 100 200 400 800

integrator steps

integrator steps

integrator steps
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DIS vs. PIS

Task 2: Compute the log-normalizing constant log Z for a 2-dim. Gaussian mixture model
(GMM) with 9 modes on a 3 x 3 grid, the 10-dimensional Funnel distribution,

10
p(x) = N(x1; 0,1°) [TV (xi; 0, €),

i=2

and the double well (DW) example (using importance sampling in path space).

Funnel DW (d=20,w=5,6=4) — DIS
0.2 |3 TTTTTTTmmmmmmeoooooees PIS
0.0 SRR e 3 —-== ground-truth
3 - — o1
£-02 12
= 0.0
> 0.4 11
o 46 -0.1 -
10
=08 — T T T T T T T T T T T T T T T T T T T T T T T
100 200 400 800 100 200 400 800 100 200 400 800
integrator steps

integrator steps integrator steps
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Summary

Diffusion

Julius Berner

models

Generative SDE (X);c[o,7] With
density X; ~ px(,t)

v

px(z,t) solves Fokker-Planck
equation

v

pX(a:, T - t) solves (generalized)
Kolmogorov equation

v

—logpx(z, T — t) solves HJB
equation

An optimal control perspective on diffusion-based generative modeling

Optimal

control

—>>

ELBO

>

sampling from
(unnormalized)
densities
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Thank you for your attention!

julius.berner@univie.ac.at, lorenz.richter@dida.do, karenu@meta.com
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