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Sampling via learned diffusions

Goal: Sample from a distribution piarget = Grarget/Z using auxiliary prior pyrior-
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forward transition XY

backward transition Y

Reversals: Forward & backward transitions between prior pprior and target prarget-
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Sampling via learned diffusions
Goal: Sample from a distribution piarget = Grarget/Z using auxiliary prior pyrior-

forward transition XY
S Y LR

backward transition Y

Reversals: Forward & backward transitions between prior pprior and target prarget-
Examples: VI in latent variable models (VAEs), (optimal) transport, (Schrodinger) bridges.
This talk: Controlled SDEs (notation: &(t) == o(T — t))

dX{ = (f + ou)(XZ,s)ds + o(s) dWs, X5 ~ Pprior,

AYY = (—F +&V)(Y),s)ds + 5(s) dWs, Y§ ~ Prarget-
New Goal: Learn u, v such that X" is the time-reversal of Y.
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Time-Reversals of SDEs
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Time-Reversals of SDEs
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Sampling via learned diffusions: Special cases

dX{ = (f +ou)(X!,s)ds +o(s)dWs, X5 ~ Ppriors
Y)Y = (=F +5V)(YY,s)ds + &5(s)dWs, Yy ~ —

Nelson’s identity: u* + v* = oV log pyus = oV log py.+
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Sampling via learned diffusions: Special cases

dX{ = (f +ou)(X!,s)ds +o(s)dWs, X5 ~ Ppriors
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Nelson’s identity: u* + v* = oV log pyus = oV log py.+

Example (fix one control): Choose f, v* such that Y7‘C* X Pprior (independent of prarget)-
= Typical choices: pprior = N(0,21) of Pprior = Ox,-

Score-based models: v* =0 = u* =0V logpy.»
Py

Follmer drift: f such that pyo is tractable, v* = oV log pxo = u* = oV log

B. Tzen and M. Raginsky. Theoretical guarantees for sampling and inferen: nerative mod th

Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole. Score-based generative modeling through stochastic differential equations. In International Conf
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Sampling via learned diffusions: Special cases

dX{ = (f + UU)(XSU, S) ds + U(S)dWs, Xy ~ Pprior;
AYY = (—F + &) (YY,s)ds + &(s)dWs, Yy ~ Prarget-

Examples: Ornstein-Uhlenbeck processes with tractable marginals conditioned on their
initial value.

Let o(t) == /28(t) and a(t) = [, B(s)ds with a(T) > 1.
Variance-Exploding (VE) SDE: f =0, v*=0 = X7 ~ N (0,2«(T)I).
Variance-Preserving (VP) SDE I: f(x,t) = 3(t)x, v =0 = Y2=xN(0,1).
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Sampling via learned diffusions: Special cases

dX{ = (f + UU)(XSU, S) ds + U(S)dWm Xy ~ Pprior;
AYY = (—F + &) (YY,s)ds + &(s)dWs, Yy ~ Prarget-

Examples: Ornstein-Uhlenbeck processes with tractable marginals conditioned on their
initial value.

Let o(t) == +/28(t) and a(t) == fotﬂ(s)ds with o(T) > 1.
Variance-Exploding (VE) SDE: f =0, v*=0 = X7 ~ N (0,2«(T)I).
Variance-Preserving (VP) SDE I: f(x,t) = 3(t)x, v =0 = Y2=xN(0,1).

VP SDE II: f(x,t) = —8(t)x, v*=aVlogpxo=—2 = Y2~ N(0,D).

o

Pinned Brownian motion: f =0, v* =0V logpxo = o = Y2 =35.
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Optimality PDEs

dX{ = (f + ou)(X,,s)ds + o(s) dW,
Ay = (—F +5V)(YY,s)ds + &(s) AW,

Score-based models: u* = oV log py.+

XOU ™~ Pprior,

v
YO ~ Ptarget-

Py
Follmer drift: u* = oV log

Pxo
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Optimality PDEs

qu = (f +o )( )dS + U(s)dW57 X()u ~ Pprior>
AYY = (—F + &V)(Y),s)ds + 5(s) dWs, Y ~ Prarget-

Score-based models: u* = oV log py.+

Pyv
Pxo

Follmer drift: u* = oV log —/—

Optimality PDE (HJB equation): v* = —ocV V/(x, t), where
0V =—L2AV —f-VV —h+iovV|?, V(. T)=g
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Optimality PDEs

dX{ = (f +ou)(X,s)ds + o(s)dWs, Xy ~ Ppriors
Fa

dYy = (=F +aV)(YS,s)ds +5(s)dWs, Yo' ~ Prarges-
Score-based models: u* = oV log py.+ g = — log Grarget,
Follmer drift: u* = oV log —/— Py
Pxo
Optimality PDE (HJB equation): v* = —ocV V/(x, t), where
0V =-302AV —f-VV —h+ iovV|’, V(. T)=¢g
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Optimality PDEs

dX{ = (f +ou)(X,s)ds + o(s)dWs, Xy ~ Ppriors
Fa

dYy = (=f +V)(YY,s)ds +&(s)dWs, Yy ~ Prarget-
Score-based models: u* = oV log py.+ g = —log Grarget, h = —div(f)
Féllmer drift: u* = oV log —/— Py g = —log M, h=0
Pxo Px9

Optimality PDE (HJB equation): v* = —ocV V/(x, t), where
0V =—L2AV —f-VV —h+LovV|?: V(. T)=g
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Optimality PDEs

dXs” = (f + o’u)(Xsu,S) ds + O'(S)dWs, Xou ~~ Pprior)
dysv = (_? + av (stv 5) ds + E(S)dWS, YOV ~ Ptarget-

Score-based models: u* = oV log py.+ g = —log Grarget, h = —div(f)
Follmer drift: v* = oV log i g=—log @, h=20
Pxo Px9

Optimality PDE (HJB equation): v* = —ocV V/(x, t), where
0V = -302AV — - VV — h+ LoVV|?, V(. T)=¢g.
Proof: Schrodinger bridge optimality PDEs & Hopf-Cole transform of Fokker-Planck eq.
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Numerical solution of HJB equations

Optimality PDE (HJB equation): v* = —ocVV/(x, t), where
0V =—L2AV —f-VV —h+iovV|?, V(. T)=g
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Numerical solution of HJB equations

Optimality PDE (HJB equation): v* = —ocVV/(x, t), where

0V =—L2AV —f-VV —h+iovV|?, V(. T)=g

Numerical solution:
(Neural) PDE solver: PINNs, (B)SDE-based methods, Tensor methods
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Numerical solution:
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exp( V) satisfies Kolmogorov equation: Feynman-Kac formula provides MC estimator
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Numerical solution of HJB equations

Optimality PDE (HJB equation): v* = —ocVV/(x, t), where
0V =—L2AV —f-VV —h+iovV|?, V(. T)=g

Numerical solution:
(Neural) PDE solver: PINNs, (B)SDE-based methods, Tensor methods
exp( V) satisfies Kolmogorov equation: Feynman-Kac formula provides MC estimator

Verification theorem from stochastic optimal control

L ter and J. Berner st SDE-based variational Jlation: olving linear PDES via deep learning. In | c c Learning, pages 18649-18666. PMLR, 2022
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Verification theorem
Optimality PDE (HJB equation): v* = —oV V/(x, t), where
0.V =—302AV —f-VV —h+ iovV|’ V(. T)=g
Verification theorem from stochastic optimal control (Proof: Ito's formula):

v = argmin, E [fOT (Llul2 + h) (X, s)ds + g(X;’-)]
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Verification theorem

Optimality PDE (HJB equation): v* = —oV V/(x, t), where
0V =-L12AV —f-VV —h+ioVV|? V(. T)=g
Verification theorem from stochastic optimal control (Proof: Ito's formula):

v = argmin, E [fOT (Llul2 + h) (X, s)ds + g(X;’-)]

Score-based models: g = —log giarget, h = —div(f)

= Time-reversed diffusion sampler (DIS) with VPSDE | or VESDE

Follmer drift: g = —log %, h=0
XT

= Path integral sampler (PIS) with pinned BM
= Denoising Diffusion Sampler (DDS) with VPSDE I
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Numerical Evaluation

Methods: PIS, DDS, DIS, and Continual Repeated Annealed Flow Transport (CRAFT).

Q. Zhang and Y. Chen. Path Integral Sampler: a stochastic control approach for sampling. In International Conference on Learning Representations, 2022
F. Vargas, W. Grathwohl, and A. Doucet. Denoising diffusion samplers. In International Conference on Learning Representations, 2023
J. Berner, L. Richter, and K. Ullrich. An optimal control perspective on diffusion-based generative modeling. Transactions on Machine Learning Research, 2024

A. Matthews, M. Arbel, D. J. Rezende, and A. Doucet. Continual repeated annealed flow transport monte carlo. In International Conference on Machine Learning, pages 15196-15219. PMLR, 2022
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Numerical Evaluation

Methods: PIS, DDS, DIS, and Continual Repeated Annealed Flow Transport (CRAFT).
Metrics: Log-normalizing constant, Sinkhorn distance to ground truth, normalized effective
sample size, and average stddev.

A. Matthews, M. Arbel, D. J. Rezende, and A. Doucet. Continual repeated annealed flow tra
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Numerical Evaluation

Methods: PIS, DDS, DIS, and Continual Repeated Annealed Flow Transport (CRAFT).
Metrics: Log-normalizing constant, Sinkhorn distance to ground truth, normalized effective
sample size, and average stddev.

Problem Method Alog Z (rw) | W§ } ESST Astd|

GMM CRAFT 0.012 0.020 - 0.019
(d=2) PIS 0.249 0.467 0.0051 1.937
DDS 0.005 0.042 0.0737 2.161
DIS 0.015 0.064 0.0226 2.522
Funnel CRAFT 0.123 5517 - 6.139
(d=10) PIS 0.111 5.639 0.1333 6.921
DDS 0.045 5.305 0.1446 6.133
DIS 0.032 5.120 0.1383 5.254

egral Sampler: a stochastic control approach for sampling. In International Co
F. Vargas, W. Grathwohl, and A. Dou
J. Berner, L. Richter, and K. Ullrich. An optimal control

\ M. Arbel, D. J. Rezende, and A. Doucet. Continual repeated annealed fl 1519¢ 9. PMLR, 20:

J. Berner Sampling with diffusion models and Schrédinger bridges 10 / 19



Numerical Evaluation

Methods: PIS, DDS, DIS, and Continual Repeated Annealed Flow Transport (CRAFT).
Metrics: Log-normalizing constant, Sinkhorn distance to ground truth, normalized effective
sample size, and average stddev.

Groundtruth

Problem Method Alog Z (rw) | W$ } ESST Astd|

GMM  CRAFT 0.012 0.020 - 0.019 . . .
(d=2)  PIS 0249 0467 00051 1037 Gaussian Mixture:
DDS 0.005 0042 0.0737 2.161
DIS 0015 0064 00226 2522
Funnel  CRAFT 0.123 5517 - 6139
(d=10) PIS 0.111 5639 01333 6921
DDS 0.045 5305 0.1446 6.133
DIS 0.032 5.120 0.1383 5.254

A. Matthews, M. Arbel, D. J. Rezende, and A. Doucet. Continual repeatec
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Numerical Evaluation

Methods: PIS, DDS, DIS, and Continual Repeated Annealed Flow Transport (CRAFT).
Metrics: Log-normalizing constant, Sinkhorn distance to ground truth, normalized effective
sample size, and average stddev.

Groundtruth

Problem Method Alog Z (rw) | W$ } ESST Astd|

GMM CRAFT 0.012 0.020 - 0.019 Gaussian Mixture:
(d=2)  PIS 0249 0.467 00051  1.937
DDS 0.005 0042 0.0737 2161
DIS 0015 0.064 0.0226 2522
Funnel  CRAFT 0.123 5517 - 6.139
(d=10) PIS 0111 5639 01333 6921  Funnel (test for MCMC methods):
DDS 0.045 5305 0.1446  6.133 0
DIS 0.032 5.120 0.1383 5.254 Prarget (x) = N(x1:0,9) [[ V(i 0, €)

i=2

A. Matthews, M. Arbel, D. J. Rezende, and A. Doucet. Continual repeated annealed flow transport monte
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Application: Posterior sampling

-
Follmer drift: u* =argminE / Llu(XE, s)|? ds — log @(X%) ,
u 0 X9

where dX{ = (f + ou)(X{,s)ds + o(s) dWs, Xg' ~ pprior-
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Application: Posterior sampling

-
| e )12 as —tog Tt (x|
0 px_(,)_

where dX{ = (f + ou)(X{,s)ds + o(s) dWs, Xg' ~ pprior-

Follmer drift: o =argminE
u

Posterior sampling: Assume we have data and measurement distributions px and py and
want to sample from the posterior piarget = py|y(-|y) for a given measurement y.
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Application: Posterior sampling

T
Follmer drift: u* =argminE / Llu(X¥, s)|?ds — log %(X%) ,
u 0 X9

where dX{ = (f + ou)(X;',s)ds + o(s) dWs, Xy’ ~ Pprior-

Posterior sampling: Assume we have data and measurement distributions px and py and
want to sample from the posterior piarget = py|y(-|y) for a given measurement y.

Bayes’ theorem: pyy(‘ly) o« pyjx(y[-)px-
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Application: Posterior sampling

-
/ 11 u(X¥, s)|% ds — log T2t ()|
0 ng

where dX{ = (f + ou)(X;',s)ds + o(s) dWs, Xy’ ~ Pprior-

Follmer drift: o =argminE
u

Posterior sampling: Assume we have data and measurement distributions px and py and
want to sample from the posterior piarget = py|y(-|y) for a given measurement y.

Bayes’ theorem: pxy(-ly) o pyje(v]-)px-
Prior SDE: Assume the drift f is pretrained such that the uncontrolled SDE X° samples
from the data distribution X% ~ py.
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Application: Posterior sampling

Follmer drift: o =argminE
u

-
[ x5y P ds —tog T x|

X7

where dX{ = (f + ou)(X;',s)ds + o(s) dWs, Xy’ ~ Pprior-

Posterior sampling: Assume we have data and measurement distributions px and py and
want to sample from the posterior piarget = py|y(-|y) for a given measurement y.

Bayes’ theorem: pyy(-[y) o pyjx(y]-)px-

Prior SDE: Assume the drift f is pretrained such that the uncontrolled SDE X° samples
from the data distribution X% ~ py.

= Objective (prior cancels in terminal costs):

u* =argminE
u

i
/0 L) u(XY, 5)|% ds — log pype(y|X%)
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Application: Posterior sampling

Follmer drift: o =argminE
u

-
[ x5y P ds —tog T x|

X7

where dX{ = (f + ou)(X;',s)ds + o(s) dWs, Xy’ ~ Pprior-

Posterior sampling: Assume we have data and measurement distributions px and py and
want to sample from the posterior piarget = py|y(-|y) for a given measurement y.

Bayes’ theorem: pyy(-[y) o pyjx(y]-)px-

Prior SDE: Assume the drift f is pretrained such that the uncontrolled SDE X° samples
from the data distribution X% ~ py.

= Objective (prior cancels in terminal costs):

u* =argminE
u

i
/0 L) u(XY, 5)|% ds — log pype(y|X%)

u@ Online method (only needs unnormalized likelihood and no samples).
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Sampling via learned diffusions: General case
General case: Two controlled SDEs
dX{ = (f +ou)(X,s)ds +o(s)dWs, X' ~ Ppriors
AY) = (=F 4+ 5V)(YY,s)ds + 5(s) AW, Yy ~ Prarget-

S
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Sampling via learned diffusions: General case
General case: Two controlled SDEs
dX{ = (f +ou)(X,s)ds +o(s)dWs, X' ~ Ppriors
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dX{ = (f + ou)(XZ,s)ds + o(s) dWs, Xy ~ Pprior;
dyy = (—}E+5V (YS,s)ds+&(s)dWs, Yy ~ prarget-

S

Path space perspective: Consider path measures Pxu and Pov on C([0, T],R9).
Goal: Identify controls u*, v* via divergence D between these measures

Py).

u*,v* € argmin D(Pxu
u,v
Tool: Radon-Nikodym derivative

jﬁlz; (X") = /OT <(u+ v) - <w+ %) +V - (ov— f))(XsW=5) ds

log

T w
pprior(Xo )
+ u+v)(XY,s) - dWs + log ———=
/0 ( )( s ) ° g ptarget(Xlln'/)
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Sampling via learned diffusions: General case

d]PXu

dP v

log (X") = /OT ((u+ v) - <W+%) +V-(ov— f))(x;v,s) ds

T w

w Pprior(Xg")
+/ u+v)(XS,s) dWs +log —— %
0 ( )( ) ° ptarget(XT )

Regularizer: General objective min, , D(]PXu

IPyv) is not unique.
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dIPXu

dP v

log (X") = /OT ((u+ v) - <W+%) +V-(ov— f))(x;v,s) ds

T w

w Pprior(Xg")
+/ u+v)(XS,s) dWs +log —— %
0 ( )( ) ° ptarget(XT )

Regularizer: General objective min, , D(]qu IP?v) is not unique.
= Constrain controls or add additional regularizers to obtain, e.g., Schrodinger bridges or

prescribed probability flows (as in our special cases with fixed v*).
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Sampling via learned diffusions: General case

AP v T _
og T (x) = [ () (we 552) + 9 v = 1) 0 5)ds
Y
T w
w Pprior(XO )
+/ u+v)(XS,s) dWs +log —— %
0 ( )( ) ° ptarget(XT )

Regularizer: General objective min, , D(]qu IP?v) is not unique.
= Constrain controls or add additional regularizers to obtain, e.g., Schrodinger bridges or
prescribed probability flows (as in our special cases with fixed v*).
. . dIPX” u
Divergence: Standard choice: Dk (Pxu|Pyv) = E |log 1P (X9
?V

= Recovers previously discussed methods when fixing v*.
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Sampling via learned diffusions: General case

dP v

log SEX¢ (xwy — /OT ((u +v)- <W + %) +V-(ov— f))(x;v, s)ds
Porior(Xg")

T
+/ u+v)(XY,s) - dWs + log 0
0 ( )( ) ° ptarget(XT )

Regularizer: General objective min, , D(]qu IP?v) is not unique.
= Constrain controls or add additional regularizers to obtain, e.g., Schrodinger bridges or
prescribed probability flows (as in our special cases with fixed v*).
. . dIPX” u
Divergence: Standard choice: Dk (Pxu|Pyv) = E |log 1P (X9
?V

= Recovers previously discussed methods when fixing v*.
i@ Reverse KL divergence suffers from mode collapse.

i di ith applicati annealed fl
iu, T. Chen, O. So, and E. A. Theodorou. [ reralized Schrdinger br
Richter and J. Berr mpling via learned
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Path space perspective: Different divergences

Other divergence: We propose the log-variance divergence

dP xu
Dy (P xu, Pyv) = Var (Iog dIPX

Y

Richter, A. Boustati, N. Niisken, F. Ruiz, and O. D. Akyildiz. VarGrad: low-variance gradient estimator for variational inference. Advances in Neural Information Processing Systems, 33:13481-13492, 2020
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Path space perspective: Different divergences

Other divergence: We propose the log-variance divergence

dP xu
Dﬁvv(IPXu,IPflv) = Var (Iog d]PX (XW)) .

S—/V
»@ off-policy: (almost) arbitrary choice for w 0.0 -
to balance exploration and exploitation. — KL-based loss
- . . . 17.5 A —— log-variance loss
s sticking-the-landing: zero variance at the
. 15.0
optimum. 2
g 12.5
-}
¥ 10.0 -
7.5 - B
5.0 = T T
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gradient steps
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Path space perspective: Different divergences

Other divergence: We propose the log-variance divergence

»@ off-policy: (almost) arbitrary choice for w
to balance exploration and exploitation.

s sticking-the-landing: zero variance at the
optimum.

& black-box SDE solver / more efficient:
no differentiation through the SDE solver.

Richter, A. Boustati, N. Niisken, F. Ruiz, and O. D. Akyildiz. VarGrad: lo

KL metric
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Other divergence: We propose the log-variance divergence

»@ off-policy: (almost) arbitrary choice for w
to balance exploration and exploitation.

s sticking-the-landing: zero variance at the
optimum.

& black-box SDE solver / more efficient:
no differentiation through the SDE solver.

»é zero-th order method: No gradients of
Prarget required (recall that the RND contains

- |Og ptarget (XJ//'V))

Richter, A. Boustati, N. Niisken, F. Ruiz, and O. [

KL metric
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Gaussian mixture

Better mode coverage: Improved performance with Dy (compared against Dk ) for PIS,
DIS, DDS, and the general bridge sampler.

J. Berner Sampling with diffusion models and Schrédinger bridges 15 / 19



Gaussian mixture
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Method Divergence AlogZ (rw) | W2 | ESStT Astd |

CRAFT 0.012  0.020 - 0.019
PIS KL 0.249 0.467 0.0051  1.937
Lv 0.001 0.020 0.9093 0.023
DIS KL 0.015 0.064 0.0226  2.522
Lv 0.017 0.020 0.8660 0.004
DDS KL 0.005 0.042 0.0737 2161
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Better mode coverage: Improved performance with Dy (compared against Dk ) for PIS,
DIS, DDS, and the general bridge sampler.

Method Divergence AlogZ (rw)] W?2| ESST Astd |

CRAFT 0.012  0.020 - 0.019

PIS KL 0.249 0.467 0.0051 1.937

Lv 0.001 0.020 0.9093 0.023

DIS KL 0.015 0.064 0.0226 2.522

Lv 0.017 0.020 0.8660 0.004

DDS KL 0.005 0.042 0.0737 2.161

Lv 0.001 0.020 0.8929 0.006

Bridge KL 0.560 0.393 0.0180 0.698

Lv 0.100 0.020 0.9669 0.010
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Two-dimensional image distribution

Groundtruth

KL-PIS LV-PIS (ours) KL-DIS

g

LV-DIS (ours)
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Many-Well

Many-Well: resembles typical problems
in molecular dynamics with

w d
_ 2 2 1 2
log qtargct(x) = - g (X,- —5) -5 E X .
i=1 i=w+1
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log qtarget(X) = - g (X,- —5) -5 E X .
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Many-Well

Many-Well: resembles typical problems
in molecular dynamics with

w d
2 2 1 2
log qtargct(x) = - g (X,- —5) -5 E X .
=1 i=w+1
KL-DIS LV-DIS (ours)
2
2
2, n
o

Problem Method Alog Z | WE/ }  ESST Astd|
Many-Well PIS-KL 3.567 1.699 0.0004 1.409
(d=5w=5,5=4) PIS-LV 0.214 0.121 0.6744 0.001
DIS-KL 1462 1.175 0.0012 0.431
DIS-LV 0.375 0.120 0.4519 0.001
Many-Well PIS-KL 0.101 6.821 0.8172 0.001
(d=50,w=56=2) PIS-LV 0.087 6.823 0.8453 0.000
DIS-KL 1.785 6.854 0.0225 0.009
DIS-LV 1.783 6.855 0.0227 0.009
KL-PIS LV-PIS (ours)
Marginal

[0 Histogram of X7
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Conclusion and Outlook

Summary:

Unifying framework for diffusion-based samplers.
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Conclusion and Outlook

Summary:
Unifying framework for diffusion-based samplers.

Connections between sampling/generative modeling, optimal control, PDEs, and path
space measures.

Path space perspective allows the usage of general divergences: Log-variance divergence
improves upon previous methods.

Competitive to samplers based on SMC and normalizing flows.

Outlook:
Leverage the underlying PDEs and its stochastic representations.

Further explore connections to posterior sampling.

Optimization without simulation of entire trajectories.
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Thank you for your attention!

Mail: mail@jberner.info
Website: https://jberner.info
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